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Preface

The ongoing miniaturization of devices like transistors used in integrated circuits
(ICs) has led to feature sizes on the nanoscale. The Intel Core 2 (Yorkfield), first
presented in 2007, was produced using 45 nm technology. Recently, production has
reached 14 nm processes, e.g., in the Intel Broadwell, Skylake, and Kaby Lake
microprocessors. Although the main principles in IC design and production are
those of microelectronics, nowadays, one therefore speaks of nanoelectronics.

With miniaturization now reaching double-digit nanometer length scales and the
huge number of semiconductor devices employed, which result in a correspondingly
significant rise in integration density, the influence of the wiring and supply
networks (interconnect and power grids) on the physical behavior of an IC can
no longer be neglected and must be modeled with the help of dedicated network
equations in the case of computer simulations. Furthermore, critical semiconductor
devices can often no longer be modeled by substitute schematics as done in the
past, using, e.g., the Partial Element Equivalent Circuit (PEEC) method. Instead,
complex mathematical models are used, e.g., the drift-diffusion model. In addition
to shortened production cycles, these developments in the design of new nano-
electronic ICs now increasingly pose challenges in computer simulations regarding
the optimization and verification of layouts. Even in the development stage, it has
become indispensable to test all crucial circuit properties numerically. Thus, the
field of computational nanoelectronics has emerged.

The complexity of the mathematical models investigated in computational
nanoelectronics is enormous: small parts of an IC design alone may require millions
of linear and nonlinear differential-algebraic equations for accurate modeling,
allowing the prediction of its behavior in practice. Thus, the full simulation of an IC
design requires tremendous computational resources, which are often unavailable to
microprocessor designers. In short, one could justifiably claim that the performance
of today’s computers is too low to simulate their successors!—a statement that
has been true for the last few decades and is debatably still valid today. Thus,
the dimension reduction of the mathematical systems involved has become crucial
over the past two decades and is one of the key technologies in computational
nanoelectronics.
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The dimension or model reduction at the system level, or system reduction for
short, is mostly done by mathematical algorithms, which produce a much smaller
(often by factors of 100 up to 10,000) model that reproduces the system’s response
to a signal up to a prescribed level of accuracy. The topic of system reduction
in computational nanoelectronics is the focus of this book. The articles gathered
here are based on the final reports for the network System Reduction in Nanoscale
IC Design (SyreNe), supported by Germany’s Federal Ministry of Education and
Research (BMBF) as part of its Mathematics for Innovations in Industry and
Services program. It was funded between July 1, 2007, and December 31, 2010
(see syrene.org for a detailed description) and continued under the name Model
Reduction for Fast Simulation of new Semiconductor Structures for Nanotechnology
and Microsystems Technology (MoreSim4Nano) within the same BMBF funding
scheme from October 1, 2010, until March 31, 2014 (see moresim4nano.org).

The goal of both research networks was to develop and compare methods for
system reduction in the design of high-dimensional nanoelectronic ICs and to test
the resulting mathematical algorithms in the process chain of actual semiconduc-
tor development at industrial partners. Generally speaking, two complementary
approaches were pursued: the reduction of the nanoelectronic system as a whole
(subcircuit model coupled to device equation) by means of a global method and the
creation of reduced order models for individual devices and large linear subcircuits
which are linked to a single reduced system. New methods for nonlinear model
reduction and for the reduction of power grid models were developed to achieve
this.

The book consists of five chapters, introducing novel concepts for the different
aspects of model reduction of circuit and device models. These include:

* Model reduction for device models coupled to circuit equations in Chap. 1 by
Hinze, Kunkel, Matthes, and Vierling

 Structure-exploiting model reduction for linear and nonlinear differential-
algebraic equations arising in circuit simulation in Chap. 2 by Stykel and
Steinbrecher

» The reduced representation of power grid models in Chap. 3 by Benner and
Schneider

* Numeric-symbolic reduction methods for generating parameterized models of
nanoelectronic systems in Chap. 4 by Schmidt, Hauser, and Lang

 Dedicated solvers for the generalized Lyapunov equations arising in balanced
truncation based model reduction methods for circuit equations in Chap. 5 by
Bollh&er and Eppler

The individual chapters describe the new algorithmic developments in the respec-
tive research areas over the course of the project. They can be read independently
of each other and provide a tutorial perspective on the respective aspects of System
Reduction in Nanoscale IC Design related to the sub-projects within SyreNe. The
aim is to comprehensively summarize the latest research results, mostly published
in dedicated journal articles, and to present a number of new aspects never before
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published. The chapters can serve as reference works, but should also inspire future
research in computational nanoelectronics.

I would like to take this opportunity to express my gratitude to the project part-
ners Matthias Bollh&er and Heike Faf®ender (both from the TU Braunschweig),
Michael Hinze (University of Hamburg), Patrick Lang (formerly the Fraunhofer-
Institut fr Techno- und Wirtschaftsmathematik (ITWM), Kaiserslautern), Tatjana
Stykel (at the TU Berlin during the project and now at the University of Augsburg),
Carsten Neff (NEC Europe Ltd. back then), Carsten Hammer (formerly Qimonda
AG and then Infineon Technologies AG), and Peter Rotter (Infineon Technologies
AG back then). Only their cooperation within SyreNe and their valued work in the
various projects made this book possible.

Furthermore, | would like to particularly thank André&Schneider, who helped in
countless ways during the preparation of this book. This includes the IATEX setup
as well as indexing and resolving many conflicts in the bibliographies. Without his
help, 1 most likely never would have finished this project. My thanks also go to
Ruth Allewelt and Martin Peters of Springer-Verlag, who were very supportive and
encouraging throughout this project. Their endless patience throughout the many
delays in the final phases of preparing the book is greatly appreciated!

Magdeburg, Germany Peter Benner
December 2016
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Chapter 1
Model Order Reduction of Integrated Circuits
in Electrical Networks

Michael Hinze, Martin Kunkel, Ulrich Matthes, and Morten Vierling

Abstract We consider integrated circuits with semiconductors modeled by mod-
ified nodal analysis and drift-diffusion equations. The drift-diffusion equations
are discretized in space using mixed finite element method. This discretization
yields a high-dimensional differential-algebraic equation. Balancing-related model
reduction is used to reduce the dimension of the decoupled linear network equa-
tions, while the semidiscretized semiconductor models are reduced using proper
orthogonal decomposition. We among other things show that this approach delivers
reduced-order models which depend on the location of the semiconductor in the
network. Since the computational complexity of the reduced-order models through
the nonlinearity of the drift-diffusion equations still depend on the number of
variables of the full model, we apply the discrete empirical interpolation method
to further reduce the computational complexity. We provide numerical comparisons
which demonstrate the performance of the presented model reduction approach. We
compare reduced and fine models and give numerical results for a basic network
with one diode. Furthermore we discuss residual based sampling to construct POD
models which are valid over certain parameter ranges.

11 Introduction

Computer simulations play a significant role in design and production of very large
integrated circuits or chips that have nowadays hundreds of millions of semicon-
ductor devices placed on several layers and interconnected by wires.  Decreasing
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physical size, increasing packing density, and increasing operating frequencies
necessitate the development of new models reflecting the complex continuous
processes in semiconductors and the high-frequency electromagnetic coupling in
more detail. Such models include complex coupled partial differential equation
(PDE) systems where spatial discretization leads to high-dimensional ordinary
differential equation (ODE) or differential-algebraic equation (DAE) systems which
require unacceptably high simulation times. In this context model order reduction
(MOR) is of great importance. In the present work we as a first step towards
model order reduction of complex coupled systems consider electrical circuits
with semiconductors modeled by drift-diffusion (DD) equations as proposed in
e.g. [46, 52]. Our general idea of model reduction of this system consists in
approximating this system by a much smaller model that captures the input-output
behavior of the original system to a required accuracy and also preserves essential
physical properties. For circuit equations, passivity is the most important property
to be preserved in the reduced-order model.

For linear dynamical systems, many different model reduction approaches have
been developed over the last 30 years, see [6, 42] for recent collection books on this
topic. Krylov subspace based methods such as PRIMA [32] and SPRIM [15, 16] are
the most used passivity-preserving model reduction techniques in circuit simulation.
A drawback of these methods is the ad hoc choice of interpolation points that
strongly influence the approximation quality. Recently, an optimal point selection
strategy based on tangential interpolation has been proposed in [3, 20] that provides
an optimal Hz-approximation.

An alternative approach for model reduction of linear systems is balanced
truncation. In order to capture specific system properties, different balancing
techniques have been developed for standard and generalized state space systems,
see, e.g., [19, 31, 35, 37, 49]. In particular, passivity-preserving balanced truncation
methods for electrical circuits (PABTEC) have been proposed in [38, 39, 51] that
heavily exploit the topological structure of circuit equations. These methods are
based on balancing the solution of projected Lyapunov or Riccati equations and
provide computable error bounds.

Model reduction of nonlinear equation systems may be performed by a trajectory
piece-wise linear approach [40] based on linearization, or proper orthogonal
decomposition (POD) (see, e.g., [45]), which relies on snapshot calculations and
is successfully applied in many different engineering fields including computational
fluid dynamicsand electronics [23, 29, 45, 48, 53]. A connection of POD to balanced
truncation was established in [41, 54].

A POD-based model reduction approach for the nonlinear drift-diffusion equa-
tions has been presented in [25], and then extended in [23] to parameterized
electrical networks using the greedy sampling proposed in [33]. An advantage of
the POD approach is its high accuracy with only few model parameters. However,
for its application to the drift-diffusion equations it was observed that the reduction
of the problem dimension not necessarily implies the reduction of the simulation
time. Therefore, several adaption techniques such as missing point estimation [4]
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and discrete empirical interpolation method (DEIM) [10, 11] have been developed
to reduce the simulation cost for the reduced-order model.

In this paper, we review results of [23-27] related to model order reduction
of coupled circuit-device systems consisting of the differential-algebraic equations
modeling an electrical circuit and the nonlinear drift-diffusion equations describ-
ing the semiconductor devices. In a first step we show how proper orthogonal
decomposition (POD) can be used to reduce the dimension of the semiconductor
models. It among other things turns out, that the reduced model for a semiconductor
depends on the position of the semiconductor in the network. We present numerical
investigations from [25] for the reduction of a 4-diode rectifier network, which
clearly indicate this fact. Furthermore, we apply the Discrete Empirical Interpolation
Method (DEIM) of [10] for a further reduction of the nonlinearity, yielding a
further reduction of the overall computational complexity. Moreover, we adapt to
the present situation the Greedy sampling approach of [33] to construct POD models
which are valid over certain parameter ranges. In a next step we combine the
passivity-preserving balanced truncation method for electrical circuits (PABTEC)
[38, 51] to reduce the dimension of the decoupled linear network equations with
POD MOR for the semiconductor model. Finally, we present several numerical
examples which demonstrate the performance of our approach.

1.2 Basic Models

In this section we combine mathematical models for electrical networks with math-
ematical models for semiconductors. Electrical networks can be efficiently modeled
by a differential-algebraic equation (DAE) which is obtained from modified nodal
analysis (MNA). Denoting by e the node potentials and by j_and jythe currents of
inductive and voltage source branches, the DAE reads (see [18, 28, 52])

Acdgtqc.Age; t/ C Arg.Aze;t/ CAj. CAjy D —Ai U (1.1)
da@.j;t/—AeDO; (1.2)

dt L L L
Ave D vs.t/: (1.3)

Here, the incidence matrix A D tAr; Ac; AL; Av; Ai] D .ajj/ represents the network
topology, e.g. at each non mass node i, a;D 1 if the branch j leaves node
i and a5 D —1 if the branch j enters node i and a;D 0O elsewhere. The
indices R; C; L; V; | denote the capacitive, resistive, inductive, voltage source, and
current source branches, respectively. The functions gc, g and & are continuously
differentiable defining the voltage-current relations of the network components. The
continuous functions vsand isare the voltage and currentsources.
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Under the assumption that the Jacobians

@qc @g _ @a
Dce; t WD —.e;t/; Dg.e;t/ WD—.e;t/; Di.j;t/WD—. j;t/
@e @e o)

are positive definite, analytical properties (e.g. the index) of DAE (1.1)—(1.3)
are investigated in [14] and [13]. In linear networks, the matrices D¢, De and
D, are positive definite diagonal matrices with capacitances, conductivities and
inductances on the diagonal.

Often semiconductors themselves are modeled by electrical networks. These
models are stored in a library and are stamped into the surrounding network
in order to create a complete model of the integrated circuit. Here we use a
different approach which uses the transient drift-diffusion equations as a continuous
model for semiconductors. Advantages are the higher accuracy of the model and
fewer model parameters. On the other hand, numerical simulations are more
expensive. For a comprehensive overview of the drift-diffusion equations we refer to
[1,2,8,30,43]. Using the notation introduced there, we have the following system of
partial differential equations for the electrostatic potential  .t; x/, the electron and
hole concentrations n.t; x/ and p.t; X/ and the current densities Jn.t; x/ and Jp.t; X/:

div." grad /D g.n—p—C/,
—q@n C div Jn D gR.Nn; p; In; Ip/;
q@p C div Iy D —qR.n; p; In; Ip/;
JnD pg.Utgrad n—n grad /;
Jp D hg.—Urgradp —pgrad /;

with .t; x/ ZE0; T]~" and ~~ d&R%d 1D::: ; 3/. The nonlinear function R
describes the rate of electron/hole recombination, qisthe elementary charge, " the
dielectricity, phand ppare the mobilities of electronsand holes. The temperatureis
assumed to be constant which leadsto a constant thermal voltage Ut. The function
Cisthetimeindependent doping profile. Note that we do not formulate into quasi-
Fermi potentials since the additional non-linearities would imply higher simulation
time for the reduced model. Further details are given in [23]. The analytical and
numerical analysis of systems of this form is subject to current research, see [7, 17,
46, 52].

1.2.1 Coupling

In the present section we develop the complete coupled system for a network with
ns semiconductors. We will not specify an extra index for semiconductors, but we
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keep in mind that all semiconductor equations and coupling conditions need to be
introduced for each semiconductor.

For the sake of simplicity we assume that to a semiconductor m semiconductor
interfaces ox £ @&, k 1;D::; m are associated, which are all Ohmic
contacts, compare Fig. 1.2. The dielectricity " shall be constant over the whole
domain “". We focus on the Shockley-Read-Hall recombination

np — n?
R.n; p/ WD - !

p-NCnNi/ C "n.p Cni/

which does not depend on the current densities. Herein, 'n and “p are the average
lifetimes of electrons and holes, and nj is the constant intrinsic concentration which
satisfy n? Dnp if the semiconductor is in thermal equilibrium.

The scaled complete coupled system is constructed as follows. (We neglect
the tilde-sign over the scaled variables.) The current through the diodes must be
considered in Kirchhoff’s current law. Consequently, the term Asjs is added to
Eg. (1.1), e.g.

m%%AEMCAwNEUCAmCAMCA$D‘ALM (4
d@.j;t/ —A%eDO; (1.5)

dt L L L
Aye D vs.t/: (1.6)

In particular the matrix As denotes the semiconductor incidence matrix. Here,
z
jsk D dhClp—"@r /- vdo: 1.7

O;k

I.e. the current is the integral over the current density & Jp plus the displacement

current in normal direction v. Furthermore, the potentials of nodes which are

connected to a semiconductor interface are introduced in the boundary conditions

of the drift-diffusion equations (see also Ii)ig. 1.2):
q

(—:fxf%e—mw_z C C.x/

1

X/ D X/ C .AZe.t/, D Uy log 2' K C AU/,
N
(1.8)
I P >
n.t;x/ D > CxPC4mCCx ; (1.9)
- >
S
p.t;x) D =  CxPC4ni—Cux/ ; (1.10)
2




Fig. 1.1 Basic test circuit e (r jv (1 exlr
with one diode

for .t; x/ ZEO0; T] ~“ox. Here, i.x/ denotes the build-in potential and n;
the constant intrinsic concentration. All other parts of the boundary are isolation
boundaries "y WD no, where r v [0, Jn v D0andJp v DO holds. For a
basicexample considerthenetworkin Fig.1.1wherethenetworkisdescribed by

) I ) I . I 1
AyD 1,0 ;AsD —1;1 "; AgRD 0;1 " ; andg.A%g;t/ D ﬁeQU:

The complete model forms a partial differential-algebraic equation (PDAE). The
analytical and numerical analysis of such systems is subject to current research,
see [7, 17, 46, 52]. The simulation of the complete coupled system is expensive
and numerically difficult due to bad scaling of the drift-diffusion equations.
The numerical issues can be significantly reduced by the unit scaling procedure
discussed in [43]. That means we substitute

x D Lg; DUr?; nDkCkaf; pDkCkap; C D kCka@;

3,0 P g 0,0 T g D keka
where L denotes a specific length of the semiconductor (Fig. 1.2). The scaled drift-

diffusion equations then read

h”" Dn—p—C; (1.11)

—@ih C vpdivInD R.n;p/; (1.12)
@p C vpdivJy D —R.n; p/; (1.13)
IhD rn—nr ; (1.14)
JD—rp—pr ; (1.15)

where we omit the tilde for the scaled variables. The constants are given by h WD
"ur_,VaWDurw andvpWDUr, see e.g. [43].
L2qkCk L2 L2
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Fig. 1.2 Sketch of a coupled
system with one
semiconductor. Here

.t x/ Dej.t/ C pi.x/; for . .
a“ t, X/ 2 (EO, T] _ VO;l ]'IL'l\\-l\l'k. k‘(]l\illll'ﬁll\ (1)-( )

1.3 Simulation of the Full System

Classical approaches for the simulation of drift-diffusion equations (e.g. Gummel
iterations [21]) approximate Jn and Jp by piecewise constant functions and then
solve Egs. (1.12) and (1.13) with respect to n and p explicitly. This helps reducing
the computational effort and increases the numerical stability. For the model order
reduction approach proposed in the present work this method has the disadvantage
of introducing additional non-linearities, arising from the exponential structure of
the Slotboom variables, see [46]. Subsequently we propose two finite element
discretizations for the drift-diffusion system which with regard to coping with
nonlinearities are advantageous from the MOR reduction point of view, and which
together with the equations for the electrical network finally lead to large-scale
nonlinear DAE model for the fully coupled system.

131 Standard Galerkin Finite Element Approach

Let T denote a regular triangulation of the domain = with gridwidth h, whose
simplexes are denoted by T. In the classical Galerkin finite element method the
functions , nand p are approximated by piecewise linear and globally continuous
functions, while J and Jp are approximated by patchwise-piecewise constant
functions, e.g.

< < <
.t x/ WD i./ax/; n.tx/ WD ni.t/a.x/; p.t;x/ WD pi.t/a.x/;
iD1 iD1 iD1
N N
=
InGEX WD Jnit/Nixl; Bt WD Jpit/ X
iD1 iD1
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where the functions fegand figare the corresponding ansatz functions, and N
denotes the number of degrees of freedom. For , n and p the coefficients
corresponding to the boundary elements are prescribed using the Dirichlet boundary
conditions. Note that the time is not discretized at this point which refers to the so-
called method of lines. The finite element method leads to the following DAE for
the unknown vector-valued functions of time , n, p, Jn, Jp for each semiconductor:

0DhS .t/ CMn.t/ —Mp.t/ —Cy Ch .Ale.t//;
—M@.t/ D —vp,D7J,.t/ C hR.n.t/; p.t//;
Mp.t/ D —vpD”Jp.t/ — hR.n.t/; p.t//; (1.16)
. I
0 D hJy.t/ C Dn.t/ —diag Bn.t/ CH, D .t/ Cby;
. I
0 D hJp.t/ —Dp.t/ —diag Bp.t/ CH, D .t/ Cbp;
where S; M and D; B are assembled finite element matrices. The matrix diag.v/ is
diagonal with vector v forming the diagonal. The vectors b .ATe.t//, by, Bn, bp and
B, implement the boundary conditions imposed on , nand p through (1.8)—(1.10).

Discretization of the coupling condition for the current (1.7) completes the
discretized system. In one spatial dimension we use

a C vCpml t/ gy A — v
yp kS s 5
S;k - . n;N p D;N W N

L n
132 Mixed Finite Element Approach

Since the electrical field represented by the (negative) gradient of the electrical
potential plays a dominant role in (1.11)—(1.15) and is present also in the coupling
condition (1.7), we provide for it the additional variabl®gr leading to the
following mixed formulation of the DD equations:

hdivg Dn—p—C; (1.17)

—@i CvndivInD R.n;p/; (1.18)
@p C vpdivIp D —R.n; p/; (1.19)
gD r; (1.20)

IhD rn—ng ; (1.21)

JoD—rp—pg : (1.22)
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The weak formulation of (1.17)—(1.22) then reads: Find ;n;p 2 €; T]~L2.""/
and g ; Jn; Jp2 EO; T] ~ Ho;n .div;”/ such that

z Zz Z
h divg " D n—p/*— C’; (1.23)
z z z
— @nh"Cv, divlh"D R.n;p/ *; (1.24)
z z z
@p "Cvp divly"D— R.n;p/*"; (1.25)
} b z z
g -oD— div oC IV, (1.26)
z z z z
Jh-aD— ndiveC ng- v— ng -4
(1.27)
z z z
Jp- @D pdve— po-v— pg -4
(1.28)

are satisfied for all * 2 L?.”"/ and & 2 Ho.n.div; "/ where the space Ho.n.div; "~/
is defined by

H.div; 7/ WD fy 2 L2 /%Y divy 2 L%." /q;
Ho:n.div; 7/ WD fy 2 H.div; "/ y-vDOon 7g:

Consequently, the boundary integrals on the right hand sides in Egs. (1.26)—(1.28)
reduce to integrals over the interfaces "o, Where the values of , n and p are
determined by the Dirichlet boundary conditions (1.8)—(1.10). We note that, in
contrast to the standard weak form associated with (1.11)-(1.15), the Dirichlet
boundary values are naturally included in the weak formulation (1.23)-(1.28) and
the Neumann boundary conditions have to be included in the space definitions.
This is advantageous in the context of POD model order reduction since the non-
homogeneous boundary conditions (1.8)—(1.10) are not present in the space
definitions.

Here, Eqgs. (1.23)-(1.28) are discretized in space with Raviart-Thomas finite
elements of degree 0 (RTo), alternative discretization schemes for the mixed problem
are presented in [8]. To describe the RTo-approach for d D 2 spatial dimensions, let
T beatriangulation of ” and let E be the set of all edges. LetE{WDfE2E W E C
i gbe the set of edges at the isolation (Neumann) boundaries. The potential and the
concentrations are approximated in space by piecewise constant functions

ht/;n"t/;p"t/ 2 LaWD fy 2 L2/ W yjr.x/ Dcr; 8T 2Tg;
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elements of the space

RToWD fy i = ¥ RYY yjr.x/ D ar C brx; a2 RY; br 2 R;ly]e- ve D 0;
for all inner edges Eg:

Here, ty]e denotes the jump yjr. — yjT_ over a shared edge E of the elements Tc
and T—. The continuity assumption yields RToc H.div;"/. We set

Hh;o:n .div;”/ WD .RTo\ Ho;n .div;"// ¢ Hon .div;"/:

Then it can be shown, that Hn;o:n posses an edge-oriented basis g g1:::::m. We use
the following finite element ansatz in (1.23)—(1.28)

3¢ 3 9
ht; x/D it/ixl; g".x/ D g tg.x/;

iD1 iD1 %
X D ¢ =

ntx/ D ni.t/'ix/; MNtx/ D Injtig.x/; (1.29)
iD1 iDL -
3 3 -

ptx/ D pi.t/Nixl; Bt D ptigx; =

iD1 jD1

where N WDT j, i.e. the number of elements of T, and M WD j— E\j, i.e. the
number of inner and Dirichlet boundary edges.
This in (1.23)—(1.28) yields

Y z Y z Z
h g Jt/ diVQ'k— n|t/—p|t// i "xD— C 'k;
jp1 - iD1 ~ - -
X V4 3 z h h
—  hit/  "i"kCwp dnjt/ divg®k— R.n;p/*DOQ;
iD1 - jD1 - "
»x <Z pre z Z
pi.t/ "i "kC vp Jp;j.t/ divg "« C R.nh;ph/ *«DO;
iD1 ” jD1 - ”
b ¢ Z w Z Z
gt/ g-aC it/ "idivagD
jb1 - iD1 -

a- Vv,
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x 7 x Z z z

dnjt!  g-aC n;.t/ " divgC nhgh . gD MgV
jb1 iD1
x 7 x Z z z

Jitl g-a— pitt “idvaC p'g"-agD— p'g-v;
jb1 iD1

which represents a nonlinear, large and sparse DAE for the approximation of the
functions , n,p, g , Jn, and Jp. In matrix notation it reads

10
0] 1 0 —M.M_ hD .t/
0 CB,y/C
VnD nt/
—MLA.U Voul Ep_u c
Myp.t/
bP-Vec Bp- M g
0 @ D> MH Jn t/
0 ” —D~ Mu gpt/
f,
h h AFEM

CF.n;p; 6 /D b.ATse.t//;

with

R
g—R R-ﬂh;p“/'é g —C " é
R™ .
F.nh;ph;gh/WD% "R-n“’phlcg bWDE R ; g;

0 ' - "Aletll @ v
. ng" - & -ng-v
R" phgh - & R ph g v g
R (1.30)

and
1
. OR R.n";p"/";
R.n"; p/* WDB - :
R R.n";p"/'y
All other integrals in F and b are defined analogously. The matrices M2 RN—N
and My 2RM—M are mass matrices in the spaces Lnand Hn.on, respectively, and

D RN—M_ The final DAE for the mixed finite element discretization now takes the
form
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Problem 1.3.1 (Full Model)

AC%QC.AEe.t/; t/ C Ag.Aze.t/; t/ CAJ .U CAvjut/

CAsjs.t/ C Ajis.t/ D 0; (1.31)
da.j.t/;t/ —A%et/ D 0; (1.32)
dt L L L
Aye.t/ —vs.t/ D 0; (1.33)
js.t/ — CiJn.t/ — Codp.t/ —Ca8 .t/ D 0; (1.34)
1
o 1 v
n.t/
_M:8-
B MLM%C Arem §p't/ Ecrm "9/ —b.ATe.U/ D O; (1.35)
0 § g .t/
B o By uS
0 It/

where (1.34) represents the discretized linear coupling condition (1.7).

We present numerical computations for the basic test circuit with one diode
depicted in Fig. 1.1, where the model parameters are presented in Table 1.1. The
input vs.t/ is chosen to be sinusoidal with amplitude 5 V. The numerical results in
Fig. 1.3 show the capacitive effect of the diode for high input frequencies. Similar
results are obtained in [44] using the simulator MECS.

The discretized equations are implemented in MATLAB, and the DASPK
software package [34] is used to integrate the high-dimensional DAE. Initial values
are stationary states obtained by setting all time derivatives to 0. In order to solve
the Newton systems which arise from the BDF method efficiently, one may reorder
the variables of the sparse system with respect to minimal bandwidth. Then, one can
use the internal DASPK routines for the solution of the linear systems. Alternatively
one can implement the preconditioning subroutine of DASPK using a direct sparse
solver. Note that for both strategies we only need to calculate the reordering matrices
once, since the sparsity structure remains constant.

Table 1.1 Diode model parameters

Parameter Value Parameter Value

L 10—*cm " 1:03545 - 10—?F/cm
Ut 0:0259 V ni 1:4-10°1/cm?

Lk 1350 cm?/(Vs) n 330-10—s

b 480 cm?/(V s) p 33.109%s

a 10—5cm? Cx/ix<L=2 —9:94-10%1/cm?®

Cxl;x<L=2 4:06 - 108 1/cm3
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Fig. 1.3 Current jy through the basic network for input frequencies 1 MHz, 1 GHz and 5 GHz.
The capacitive effect is clearly demonstrated

1.4 Model Order Reduction Using POD

We now use proper orthogonal decomposition (POD) to construct low-dimensional
surrogate models for the drift-diffusion equations. The idea consists in replacing the
large number of local model-independent ansatz and test functions f @ f Y in the
finite element approximation of the drift-diffusion systems by only a few nonlocal
model-dependent ansatz functions for the respective variables.

The snapshot variant of POD introduced in [45] works as follows. We run
a simulation of the unreduced system and collect | snapshots ".tg; -/, n".t; -/,
Pt -/, 9"t -/, It -1, 3" i -/ at time instances t 2 fti;::: 5 tig ¢ (BO; T]. The
optimal selection of the time instances is not considered here. We use the time
instances delivered by the DAE integrator.

Since every component of the state vector WD. ; n; p; g ; Jn; Jp/ has its own
physical meaning we apply POD MOR to each component separately. Among other
things this approach has the advantage of yielding a block-dense model and the
approximation quality of each component is adapted individually.

Let X denote a Hilbert space and let y"W@E0; T] ~ X ¥ R"with somer 2 N.
The Galerkin formulation (1.29) yields y".t; -/ 2 Xn WD spanfg;:::; &g, where

fefglsjsn denote n linearly independent elements of X. The idea of POD consists
in finding a basis fUl;E: ; U™g of the span of the snapshots

)
span y'.t;/ D " y"* g/ withk D 15
iD1 i i
satisfying
1 s _ X x i i 2
fu;:;; ugD argmin y .t o —

h
hy .t; ;v fixv o
iD1 X
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for 1< s< m, where 1< m< |. The functionsf « isissare orthonormal in X and
can be obtained with the help of the singular value decomposition (SVD) as follows.
Let the matrix Y WD .y™%:::: ; y™!/ 2 R contain as columnsthe coefficient
vectors of the snapshots. Furthermore, let M WD .hex; &ix/1<ij<n be the positive
definite mass matrix with its Cholesky factorization M D LL>. Let .0; = ; ¥/ denote
the SVD of ¥ WD L>Y, ie. ¥ D U~ V> with @ 2 R™™, ¥ 2 R™', and a matrix
* 2 R"™'containing the singular values 01 < 02< ::: < 0n> Omc1D :::D
01D 0. We set U WD L—>W . 5/. Then, the s-dimensional POD basis is given by
8 9
< X =
span _u./D  Uig'./; iDLt
jD1 ?

The information content of fu®;::: ; usg with respect to the scalar product h-; -ix with

s/D S P o7 < 1; (1.36)

m 7
ip1 Oj

is given by 1 —".s/. Here ".s/ measures the lack of information of ©1';:::;usg
with respect to sparfy™.ty; /;::: ;yM.ti; /- gAn extended introduction to POD can be
foundin[36].

The POD basis functions are now used as trial and test functions in the Galerkin
method.

If the snapshots satisfy inhomogeneous Dirichlet boundary conditions, as
in (1.16), POD is performed for

(WD .t/— (t/; Qt/Dnt/—net/; p./ D p.t/—pr.t/;

with , ny, pr denoting reference functions satisfying the Dirichlet boundary
conditions required for , n and p. This guarantees that the POD basis admits
homogeneous boundary conditions on the Dirichlet boundary.

In the case of the mixed finite element approach the introduction of a reference
state is not necessary, since the boundary values are included more naturally
through the variational formulation. The time-snapshot POD procedure then delivers
Galerkin ansatz spaces for , n, p, g , Jnand Jp. This leads to the ansatz

PP yDU , .U; g"°P.t/ D Ug 4 .1/ g
n"P.t/ D Un, n.t/; J:OD.t/ DUy, ;.U (1.37)
n n >

p"oP.t/ D Up, p.t/; JEOD.t/ D Uy, g, t:
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The injection matrices

U 2RV Un2 RN Up2 RN=%;
Ug 2 RM— ; Uy, 2 RM—Sn: Uj, 2 RM=%;

containthe (timeindependent) POD basis functions, the vectors, .,the correspond-
ing time-variant coefficients. The numbers s_;are the respective number of POD
basis functions included. Assembling the POD system yields the DAE

0] 1

(0] v/

<

0 ! C
FU
P-YT C Apop B <" /€ C U™F .nPOP; pPOP; ¢POD/ D U>b.AT§.t//;

0 <9 't/
B0 & Bk
0 3ot
with

Apop D U”AgemU

0 —U M Un U >MLUp hU >DUg ¢
B vaUZ DU, &
B vpu;DuJ%
DEu; DU ! ”
@ U7D>U, | A
—UyD7U, I

and U D diag.U ; Un; Up; Ug ; Uj,; Us,/. Note that we exploit the orthogonality of
the POD basis functions, e.g. U7MLUn D U;7MLUp D In—n and Ug MyUg D
UyMuU;, 7MuU;,  IN2wm. The arguments of the nonlinear functional have
to be interpretepd as functions in space.

All matrix-matrix multiplications are calculated in an offline phase. The nonlin-
ear functional F has to be evaluated online. The reduced model for the network
now reads

Problem 1.4.1 (POD MOR Surrogate)
Acd—dth.AEe.t/; t/ C Avg.Aze.t/; t/ C Aj .t/ CAyju.t/

CAsjs.t/C Ais.t/ D 0;
(1.38)
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da.j.t; t/—A>et/DO

L L
dt (1.39)
Aye.t/ —vs.t/ D 0;
(1.40)
js.t/ —C1Uy,, 4.t/ — CaUy,. Jp.t/ —C3Uy py .t/ DO;
(1.42)

B.o -t

@ ‘Jnt/A
3t

S S

fig 5‘“%
C Apop B <"t/ C UZF .nPOP; pPOP: gPOD/ _y bATet//DO
A

o O o u:C)

(1.42)

141 Numerical Investigation

We now present numerical examples for POD MOR of the basic test circuit in
Fig. 1.1 and validate the reduced model at a fixed reference frequency of 10'°Hz.
Figure 1.4 (left) shows the development of the error between the reduced and the
unreduced numerical solutions, plotted over the neglected information “~, see (1.36),
which ismeasured by the relative error between the non-reduced states , n, p, Jn, Jp
and their projections onto the respective reduced state space. The number of POD
basis functions for each variable is chosen such that the indicated approximation
quality is reached, i.e. WD "™ Ty gt 7T 7y, Since
we compute all POD basis functions anyway, this procedure does not involve any
additional costs.

In Fig. 1.4 (right) the simulation times are plotted versus the neglected informa-
tion 7. As one also can see, the simulation based on standard finite elements takes
twice as long as if based on RT elements. However, this difference is not observed
for the simulation of the corresponding reduced models.

Figure 1.5 shows the total number of singular vectors Bk kqi®p kX, €quirell in
the POD model to guarantee a given state space cut-off error ~~. While the number
of singular vectors included increases only linearly, the cut-off error tends to zero
exponentially.
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Fig. 1.4 Left: L, error of jv between reduced and unreduced problem, both for standard and
Raviart-Thomas FEM. Right: Time consumption for simulation runs for left figure. The fine lines
indicate the time consumption for the simulation of the original full system

400

number of singular values k

50 L
10 107" 10~ 107 107
AlK)

Fig. 1.5 The number of required singular values grows only logarithmically with the requested
accuracy

142 Numerical Investigation, Position of the Semiconductor
in the Network

Finally we note that the presented reduction method accounts for the position of
the semiconductors in a given network in that it provides reduced-order models
which for identical semiconductors may be different depending on the location of
the semiconductors in the network. The POD basis functions of two identical semi-
conductors may be different due to their different operating states. To demonstrate
this fact, we consider the rectifier network in Fig. 1.6 (left). Simulation results are
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frequency = 1 GHz

input: v (t)

/ v output: e,(t)-e, ()

\ J—

elr)

potential [V]

0 Q

time [sec] x10°°

Fig. 1.6 Left: Rectifier network. Right: Simulation results for the rectifier network. The input vs
is sinusoidal with frequency 1 GHz and offset C1:5 V

;)I’etble 1.2 lgista(r;cesd " - d.ul; U d.ut; U

etween reauced modeis In - : 3

the rectifier network 10 0.61288 5:373-10
10— | 0.50766 |4:712-10—2
10—5 | 0.45492 | 2:767 -10—7
10— | 054834 |[1:211.10-°

plotted in Fig. 1.6 (right). The distance between the spaces U'and U?which are
spanned, e.g., by the POD-functions U of the diode S1 and U? of the diode S;
respectively, is measured by

d.U% U?/WD max min ku— vk
u2ul  v2u?
kuk2D1 kvk2D1

Exploiting the orthonormality of the bases U' and U? and using a Lagrange
framework, we find

q
B
dul; U¥D 2—2 h;

where h is the smallest eigenvalue of the positive definite matrix SS> with S;;D
hu.;; Uz;ji?_. The distances for the rectifier network are given in Table 1.2. While the
reduced model for the diodes S1and Szare almost equal, the models for the diodes
Siand S;are significantly different. Similar results are obtained for the reduction of
n, p, etc.
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143 MOR for the Nonlinearity with DEIM

The nonlinear function F in (1.42) has to be evaluated online which means that the
computational complexity of the reduced-order model still depends on the number
of unknowns of the unreduced model. A reduction method for the nonlinearity is
given by Discrete Empirical Interpolation (DEIM) [10]. This method is motivated
by the following observation. The nonlinearity in (1.42), see also (1.30), is given by

0] 1

0
Uy Fn.Un_n.t/; Up_p .t/ g

U F.U, ./ DB Uy Fp.Un, pt/s Up.p-t//

UiFJn-Un(n-t/; Ug g -t/
UiFJp.Un‘p.t/; Ug <9 t//

see e.g. [23]. The subsequent considerations apply for each block component of F .
For the sake of presentation we only consider the second block

RN SN, SUNRLL S LU (1.43)

size sp—N N evaluations size N—sp size N—sp

and its derivative with respect to ,p,

U- @Ry, v, UINR7/ A VI
”f!n-- @p nn ,,f,...

size sn—N 7 - f. " size N—sp
size N—N, sparse

Here, the matrices U.,are dense and the Jacobian of Fy is sparse. The evaluation
of (1.43) is of computational complexity O.N/. Furthermore, we need to multiply
large dense matrices in the evaluation of the Jacobian. Thus, the POD model order
reduction may becomeinefficient.

To overcome this problem, we apply Discrete Empirical Interpolation Method
(DEIM) proposed in [10], which we now describe briefly. The snapshots ".tx; -/,
.t -/, Pt -/, 9"t o/, I o/, Mty -/ are collected at time instances tx 2
ft1;:::;t19 € (EO; T] as before. Additionally, we collect snapshot§ Fn.n.ti/;p.ti// ¢
of the nonlinearity. DEIM approximates the projected function (1.43) such that

Un>Fn.Un‘ n.t/; Up‘ p.t// = .Un>Vn.Pn>Vn/_1/Pn>Fn.Un‘ nt/, Up‘ pt//,
where V, 2 RN contains the first '» POD basis functions of the space spanned by

the snapshots fFq.n.t/; p.t//g gssociated with the largest singular values. The
selection matrix PaD e-;:::; e, 2 RV nselects the rows of F, corresponding
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to the so-called DEIM indices “1;::: ; *-,which are chosen such that the growth of
a global error bound is limited and Py Vi is regular, see [10] for details.

The matrix Wy WD.U;"Va.P7Va/~2/ 2 R nas well as the whole interpolation
method is calculated in an offline phase. In the simulation of the reduced-order
model we instead of (1.43) evaluate:

an P;Fn . lfn ‘n.t/; }Jp ‘p.t/ /, (144)
size sn—"n rn’e,vall:ations size N—sn s;z’e N,_Sp

with derivative

P>F
W= 0Py "U. thUu. t// U

n p :
S&Ién-—”n -L .. SiJN—Sp

tEd . D e——
size r =N, sparsa

In the applied finite element method a single functional component of Fn only
depends on a small constant number ¢ N 2omponents of Uy, n.t/. Thus, the matrix-
matrix multiplication in the derivative does not really depend on N since the
number of entries per row in the Jacobian is at most c.

But there is still a dependence on N, namely the calculation of U n.t/. TO
overcome this dependency we identify the required components of the vector
Un, n.t/ for the evaluation of P;Fn. This is done by defining selection matrices
Qnn 2 RS Qnp 2 REP—*rsuch that

Pn>Fn.Un‘ nt/, Upc pt// D Fﬂn.Qn;nUn‘ nt/, Qn;pUp‘p.t//;

where £, denotes the functional components of F, selected by Py, restricted to the
arguments selected by Qn;nand Qnp.

Supposed that w=s, N we obtain a reduced-order model which does not
depend on N any more.

144 Numerical Implementation and Results with DEIM

We again use the basic test circuit with a single 1-dimensional diode depicted in
Fig. 1.1. The parameters of the diode are summarized in [23]. The input vs.t/ is
chosen to be sinusoidal with amplitude 5 V. In the sequel the frequency of the
voltage source will be considered as a model parameter.

We first validate the reduced model at a fixed reference frequency of 5 10° Hz.
Figure 1.7 shows the development of the relative error between the POD reduced,
the POD-DEIM reduced and the unreduced numerical solutions, plotted over the
lack of information ”~ of the POD basis functions with respect to the space spanned
by the snapshots. The figure shows that the approximation quality of the POD-DEIM
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Fig. 1.7 Relative error between DEIM-reduced and unreduced nonlinearity at the fixed frequency
5.10%Hz
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Fig. 1.8 Time consumption for simulation runs of Fig. 1.7. The horizontal line indicates the time
consumption for the simulation of the original full system

reduced model is comparable with the more expensive POD reduced model. The
number of POD basisfunctionss../for each variableischosen suchthattheindicated
approximation quality is reached, i.e. WD ™ % "n T T, T g T 7y T Ty
Thenumbers ' .,of POD-DEIM basisfunctionsare chosen likewise.

In Fig. 1.8 the simulation times are plotted versus the lack of information ™.
The POD reduced-order model does not reduce the simulation times significantly
for the chosen parameters. The reason for this is its dependency on the number of
variables of the unreduced system. Here, the unreduced system contains 1000 finite
elements which yields 12,012 unknowns. The POD-DEIM reduced-order model
behaves very well and leads to a reduction in simulation time of about 90% without
reducing the accuracy of the reduced model. However, we have to report a minor
drawback; not all tested reduced models converge for large ”.s£ 3-10—°. This is
indicated in the figures by missing squares. This effect is even more pronounced for




22 M. Hinze et al.

250

2001

150 1

100 1

ul

o
T
s

number of basis functions

0

1077 107® 107° 107 1073
lack of information A(s)

Fig. 1.9 The number of required POD basis function and DEIM interpolation indices grows only
logarithmically with the requested information content
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Fig. 1.10 Computation times of the unreduced and the reduced-order models plotted versus the
number of finite elements

spatially two-dimensional semiconductors. It seems to be caused by the fact, that
only a sufficiently large POD basis captured the physics of the semiconductors well
enough.

In Fig. 1.9 we plot the corresponding total number of required POD basis
functions. It can be seen that with the number of POD basis functions increasing
linearly, the lack of information tends to zero exponentially. Furthermore, the
number of DEIM interpolation indices behaves in the same way.

In Fig. 1.10 we investigate the dependence of the reduced models on the number
of finite elements N. One sees that the simulation times of the unreduced model
depends linearly on N. The POD reduced-order model still depends on N linearly
with a smaller constant. The dependence on N of our POD-DEIM implementation
is negligible.
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Fig. 1.11 The reduced models are compared with the unreduced model at various input frequen-
cies

Finally, we analyze in Fig. 1.11 the behaviour of the models with respect to
parameter changes. We consider the frequency of the sinusoidal input voltage
as model parameter. The reduced-order models are created based on snapshots
gathered in a full simulation at a frequency of 5-10° Hz. We see that the POD
model and the POD-DEIM model behave very similarly. The adaptive enlargement
of the POD basis using the residual greedy approach of [33] is discussed in the next
section based on the results presented in [23].

Summarizing all numerical results we conclude that the significantly faster POD-
DEIM reduction method yields a reduced-order model with the same qualitative
behaviour as the reduced model obtained by classical POD MOR.

1.5 Residual-Based Sampling

Although POD model order reduction often works well, one has to keep in mind
that the reduced system depends on the specific inputs and parameters used to
generate the snapshots. A possible remedy consists in performing simulations over a
certain input and/or parameter sample and then to collect all simulations in a global
snapshot matrix Y WD €Y?; Y2;:::]. Here, each Y' represents the snapshots taken for
a certain input resp. parameter.

In this section we propose a strategy to choose inputs/parameters in order to
obtain a reduced model, which is valid over the whole input/parameter range.
Possible parameters are physical constants of the semiconductors (e.g. length,
permeability, doping) and parameters of the network elements (e.g. frequency of
sinusoidal voltage sources, value of resistances). We do not distinguish between
inputs and parameters of the model.
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Letthere ber 2 parametersand let the space of considered parameters be given
asaboundedsetP B". Weconstructthereducedmodel based onsnapshotsfrom
asimulation atareference parameter ! 2P. One expects that the reduced model
approximates the unreduced model well in a small neighborhood of !4, but one
cannot expect that the reduced model is valid over the complete parameter set P.
In order to create a suitable reduced-order model we consider additional snapshots
which are obtained from simulations at parameters 12;13;::: 2 P. The iterative
selection of Ikciatastepkis called parameter sampling. Let Pxdenote the setof
selected reference parameters, RIDfl; 1250 ; gk,

We neglect the discretization error of the finite element method and its influence
on the coupled network and define the error of the reduced model as

E.INP/WDZz".1/—ZzP°P 11 p/; (1.45)

where zM.Y/ WD .eM.V/; by 1, Yy~ is the  solution of Prob-
lem 1.3.1 at the parameter ! with discretized semiconductor variables y" WD
. Monh:ph:gh ;Jhr;th. zPOD 11 P/ denotes the solution of the coupled system in
Problem 1.4.1 with reduced semiconductors, where the reduced model is created
based on simulations at the reference parameters Pc P. The error is considered
in the space X with norm

kzkx WD keka; Kjv k2; Kjikz;
K Kpz go;myee .~ KnKzgosmyez i KPK2go:mpL2 i
K9 K2 go.13:Hon . divi /s .
KInKL2 @0:7):How .div://s KIpKL2.@0:T]:How div// -
Obvious extensions apply when there is more than one semiconductor present.

Furthermore we define the residual R by evaluation of the unreduced model
(1.31)—(1.35) at the solution of the reduced model z"°P.11 P/, i.e.

0 1 0 1

POD.U

B— MLHPOD t/E nPOD t/

B m.proo. t/% reens B PPOD .t/

POD C MFEM

R.z .!IP//WD% 0 g0t/
0 X BJEOD.UX

0 30Dy

POD POD POD T POD
C F.n P .9 /—DhAge N7/ (1.46)

Note that the residual of Egs. (1.31)—(1.34) vanishes.
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We note that the same definitions are used in [22] for linear descriptor systems.
In [22] an error estimate is obtained by deriving a linear ODE for the error and
exploiting explicit solution formulas. Here we have a nonlinear DAE and at the
present state we are not able to provide an upper bound for the errokE .1 Pkx
which would yield a rigorous sampling method using for example the Greedy
algorithm of [33].

We propose to consider the residual as an estimate for the error. The evaluation
of the residual is cheap since it only requires the solution of the reduced system and
its evaluation in the unreduced DAE. It is therefore possible to evaluate the residual
at a large set of test parameters Prgc P. Similar to the Greedy algorithm of [33],
we add to the set of reference parameters the parameter where the residual becomes
maximal.

The magnitude of the components in error and residual may be large and a proper
scaling should be applied. For the error we consider the component-wise relative
error, i.e.

k h. 1/ — POD 1| P/kLz‘go;T];Lz_"// ] knh. 1/— nfoD 1] P/kLz‘@o;T];Lz_"// L

k " U/ Keegopie.n kn". /K 2g0.7y.02. 1/

and the residual is scaled by a block-diagonal matrix containing the weights

d .1/ &
&

dn. /1
dp. U1
dg .1/1
ds,. /1
dj,. /1

B

D.1/R.Z"°P.1IP// D

euu® W O

~ R.ZPCP 1| P//:

The weights d.,.1/ > 0 may be parameter-dependent. These weights are chosen
in a way that the norm of the residual and the relative error are component-wise
equal at the reference frequencies ! where we know z".1,/ from simulation of the
unreduced model, i.e.

k "0/ — POP NP/ gz,

; (1.47)
d !k/ WD k h. !k/k LZ.CEO;T];LZ."// " le.ZPOD.! ll P//kLZ.GO;T]§L2 Ul

and similarly for the other components. If kR1.zPP. 1yl P//K 240.1L2 .~/ D 0 holds
we chose d .1/ WD 1.

In one dimensional parameter sampling with P WD p; P], we approximate
d.;.1/ by piecewise linear interpolation of the weights d.;.11/, ::: d./. Y/
Extrapolation is done by nearest-neighbor interpolation to ensure the positivity of
the weights.
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Algorithm 1.1 Sampling

1. Select 13 2P, Pyt ®,tol >0, andsetk WD1,P, WD f, g

2. Simulatetheunreduced modelat!;andcalculatethereduced model withPOD basis functions
Ui

3. Calculate weightfunctionsd.,.!/>0according to (1.47) forall !x Py.

4. Calculate the scaled residugl D.1/R.z7°P .1;Py/kfor all | 2 Pyest.

5. Check termination conditions, e.qg.

« maxepk D.I/R.ZPOP I; Py // Kk tol,
* no progress in weighted residual.

6. Calculate lc1 WD argmaxzp, KD.V/R.Z .1; Pul/k.

7. Simulate the unreduced model at !k @ and create a new reduced model with POD basis Uy a
using also the already available information at I, :::, '«.

8. Set Pxc1 WD Py [ fl«c10, k WD k C 1 and goto 3.

We summarize our ideas in the sampling Algorithm 1.1. The step 7 in this
algorithm can be executed in different ways. If offline time and offline memory
requirements are not critical one may combine shapshots from all simulations of
the full model and redo the model order reduction on the large shapshot ensemble.
Otherwise we can create a new reduced model at reference frequency !«c1 with
POD-basis U and then perform an additional POD step on .Uy; U/.

1.5.1 Numerical Investigation for Residual Based Sampling

We now apply Algorithm 1.1 to provide a reduced-order model of the basic
circuit and we choose the frequency of the input voltage vs as model parameter.
As parameter space we chose the interval PWRE10%; 10'2] Hz. We start the
investigation with a reduced model which is created from the simulation of the
full model at the reference frequency !4n0'° Hz. The number of POD basis
functions s is chosen such that the lack of information ”.s/ is approximately 10—,
The relative error and the weighted residual are plotted in Fig. 1.12 (left). We
observe that the weighted residual is a rough estimate for the relative approximation
error. Using Algorithm 1.1 the next additional reference frequency is Wp 108 Hz
since it maximizes the weighted residual. The second reduced model is constructed
on the same lack of information ~“WD10—’. Here we note that in practical
applications, the error is not known over the whole parameter space.

The next two iterations of the sampling algorithm are also depicted in Fig. 1.12.
Based on the residual in step 2, one selects '4V01:0608 10° Hz as the next
reference frequency. Since no further progress of the weighted residual is achieved
in step 3, the algorithm terminates. The maximal errors and residuals are given in
Table 1.3.
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sampling step 1 sampling step 2 sampling step 3
10° 10° 10° -
\ error : error : : error

: : : - = = = residual

3 1
* o : reference frequencies

o
10
107
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107

107 H 107 [ H 107 L2
10 107 10" 10 10" 107 10
parameter (frequency) parameter (frequency)

o 107
parameter (frequency)

Fig. 1.12 Left: Relative reduction error (solid line) and weighted residual (dashed line) plotted
over the frequency parameter space. The reduced model is created based on simulations at the
reference frequency !y W0 Hz, which is marked by vertical dotted line. Middle: Relative
reduction error (solid line) and weighted residual (dashed line) plotted over the frequency
parameter space. The reduced model is created based on simulations at the reference frequencies

1; WB%Hz and !> 10fHz. The reference frequencies are marked by vertical dotted lines.
Right: Relative reduction error (solid line) and weighted residual (dashed line) plotted over the
frequency parameter space. The reduced model is created based on simulations at the reference
frequency 11 W' Hz, 1> 1084, and !3 1:0608VD10° Hz.- The reference frequencies are
marked by vertical dotted lines

Table 1.3 Progress of refinement method

Max. scaled residual Max. relative error

Step k Reference parameters P (at frequency) (at frequency)
1 £1:0000 - 10%°g 9:9864 - 102 3:2189 - 10°

.1:0000 - 10% .1:0000 - 10%

2 £1:0000 - 108, 1:5982 - 102 4:3567 -10—2

1:0000 - 10%°g .1:0608 - 10% .3:4551 - 10%

3 £1:0000 - 108, 2:2829 - 102 1:6225 - 102

1:0608 - 10° .2:7283 - 10% .1:8047 - 10%%

1:0000 - 10%%g

1.6 PABTEC Combined with POD MOR

In the current section, we combine the PABTEC approach of Chap. 2 and simulation
based POD model order reduction techniques to determine reduced-order models for
coupled circuit-device systems. While the PABTEC method preserves the passivity
and reciprocity in the reduced linear circuit model, the POD approach delivers high-
fidelity reduced-order models for the semiconductor devices. Details of the approach
are given in[27].
Now we return to the network equations (1.31)—(1.35). The coupling

F]elatlon (1.34) can shortly be wrltten as js.t/ D #xs.t//, where xs.t/ D

Tttt ptt gh t 3Tt I " isthestatevector ofthesemidiscretized

drift-diffusion equations (1.35). Determining the state xs.t/ from Eq. (1.35) for
a given voltage Ale.t/, say xs.t/ D 3.ATe.t//, and substituting it into (1.34), we
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obtain the relationship
js.t/ D g.Ale.t/l; (1.48)

where g.Ale.t// WD #.3.Ag.t/// describes the voltage-current relation for the
semidiscretized semiconductors. This relation can be considered as an input-to-
output map, where the input is the voltage vector A'e.t/ at the contacts of the
semiconductors and the output is the approximate semiconductor current js.t/.

Electrical networks usually contains very large linear subnetworks modeling
interconnects. In POD MOR we need to simulate the coupled DAE system (1.31)—
(1.35) in order to determine the snapshots. To reduce the simulation time, we can
first to separate the linear subsystem and approximate it by a reduced-order linear
model of lower dimension using the PABTEC algorithm [38, 51], see also Chap. 2
in this book. The decoupled device equations are then reduced using the POD
method presented in Sect. 1.4. Combining these reduced-order linear and nonlinear
models, we obtain a nonlinear reduced-order model that approximates the coupled
system (1.31)—(1.35).

16.1 Decoupling

For the extraction of a linear subcircuit, we use a decoupling procedure from [47]
that consists in the replacement of the nonlinear inductors and nonlinear capacitors
by controlled current sources and controlled voltage sources, respectively. The
nonlinear resistors and semiconductor devices are replaced by an equivalent circuit
consisting of two serial linear resistors and one controlled current source connected
parallel to one of the resistors. Such replacements introduce additional nodes and
state variables, but neither additional loops consisting of capacitors and voltage
sources (CV-loops) nor cutsets consisting of inductors and current sources (LI-
cutsets) occur in the decoupled linear subcircuit meaning that its index coincides
with the index of the original circuit, see [13] for the index analysis of the circuit
equations. An advantage of the suggested replacement strategy is demonstrated in
the following example.

Example 1.6.1 Consider a circuit with a semiconductor diode as in Fig. 1.13. We
suggest to replace the diode by an equivalent circuit shown in Fig. 1.14. If we would

replace the diode by a current source, then a decoupled linear circuit would have
I-cutset and, hence, lack well-posedness. Moreover, if we would replace the diode
by a voltage source, then the resulting linear circuit would have CV-loop, i.e., it
would be of index two, although the original circuit is of index one. Note that model
reduction of index two problems is more involved than of index one problems [50].

For simplicity, we assume that the circuit does not contain nonlinear devices other
than semiconductors. Then after the replacements described above, the extracted




1 MOR of Integrated Circuits in Electrical Networks 29

Diode i
R Ry Ry
DD equations Toa
‘,T' e e o
e { Ci- C

Fig. 1.13 RC chain with a diode
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Fig. 1.14 Decoupled linear RC chain with a circuit replacing the diode

linear subcircuit can be modeled by the linear DAE system in the MNA form

ER.t/ D Ax.t/ C Bu,.t/; (1.49)
yi.t/ D BTx.t/; (1.49b)
s s s s
withxt/D eTt/e" .t/ .U/ jJ. .y .UD {T/ 74 y'.t/ and
2 . 3 2 3
Ac,CA”, 00 —Ag GAT, —ALI—Av
c TR
epf o Lod ADE A, 0 0 Z
0 00 Al 0 0
2 3
—Al;l O
BDZ o 06; (1.49¢)
0 —I

where the incidence and element matrices are given by

ZA - ZA - ZA - s 7
Ac;D "¢ AuD Tt AuD Y Aup AA D (1494
cil 0 Ll 0 Vil 0 D OI | ( )
b2 - 2 3
A ALA? GO0oO
ArgD RS S - GD40 Gy 0°: (1.49¢)

0—Il 000G,
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Here, C, L and G are the capacitance, inductance and conductance matrices, A
and AZhave entries in f0; 1g and f—1; Og, respectively, and satisfy A C A% D As.

Moreover, e,.t/ is the potential of the introduced nodes, and the new input variable
j.tl is given by

jo-t/ D .G1C Go/Grlg.Ale.t// — GoATg.t/; (1.50)

where the matrices Gi1 and G; are diagonal with conductances of the introduced
linear resistors in the replacement circuits on the diagonal. One can show that the
linear system (1.49) together with the decoupled nonlinear equations (1.35), (1.48)
is state equivalent to the coupled system (1.31)—(1.35) together with the equation

e,.t/ D .G1C G/t G1. A /Te.t/ — G2 A? [Te.t/ —j,.t/ (1.51)
e e

in the sense that these both systems have the same state vectors up to a permutation,
see [47] for detail.

16.2 Model Reduction Approach

Applying the PABTEC method to the linear DAE system (1.49), we obtain
a reduced-order model

2 3
is. t/
d b3 z4 -Ist/5 69I1 4815
vs.t/ Vl;s-t/ ¢,

(1.52)

where @; D&xQ/, j D 1; 2; 3, approximate the corresponding components of the
output yin (1.49b). Combining this reduced model with the semidiscretized drift-
diffusion equations (1.35) via (1.48), we can determine the approximate snapshots
which can then be used to compute the POD-reduced model as in (1.42). The
coupling relation (1.41) can then be approximated by

fs.t/ D C1Uy,, 3,.t/ C C2Uy,, 3,.t/ C C3Uq Py .U (1.53)

As for the original system (1.34) and (1.35), we denote the relation between Afe.t/
and §s.t/ by

5.t/ D §.Ale.t//: 1.54
] 0.A5

Using (1.50) and (1.51), we have —.A%/Te.t/ —e;.t/ D —A'¢.t/ C G1g.ATe.t//.
Then it follows from —.A%/Te.t/ — e,.t/ = @»8.t/ that the semiconductor voltage
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vector us.t/ D Ale.t/ can be approximated by 8.t/ satisfying —Gi€0t/ —
G10s.t/ C @.Gs.t/ D 0. Thus, combining the reduced linear system (1.52) with
the reduced semiconductor model (1.42), we obtain areduced-order coupled DAE
system

Egﬂ.t/—.ACB.G CG/ENnRY—-BGO.t/—Bit/—Bv.t/DO;
2 1 2 2 2 1S 1s 3 s

At
(1.55)
—G1€,8.t/ — G10s.t/ C §.0s.t// D 0;
(1.56)
fs.t/ — C1Uy,, 3,-t/ — C2Uy,, 3,-t/ — CsUg Py .t/ D O;
(1.57)

0]
i 5 i
-V CAPOD ‘pt/ C U”F .n°OP; pPOP; ¢POD/ _U>h.0s.t// D 0:
0
% 0 % JnI/
0 ot
(1.58)

Note that model reduction of the linear subsystem and the semiconductor model can
be executedindependently.

16.3 Numerical Experiments

In this section, we present some results of numerical experiments to demonstrate the
applicability of the presented model reduction approaches for coupled circuit-device
systems.

For model reduction of linear circuit equations, we use the MATLAB Toolbox
PABTEC, see Chap. 2. The POD method is implemented in C++ based on the
FEM library deal.ll [5] for discretizing the drift-diffusion equations. The obtained
large and sparse nonlinear DAE system (1.31)—(1.35) as well as the small and
dense reduced-order model (1.55)—(1.58) are integrated using the DASPK software
package [9] based on a BDF method, where the nonlinear equations are solved using
Newton’s method. Furthermore, the direct sparse solver SuperLU [12] is employed
for solving linear systems.
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Fig. 1.15 Input voltage and output currents for the basic diode with the voltage-current rela-
tion (1.59)

Consider again an RC circuit with one diode as shown in Fig. 1.13. The input is
given by

vs.t/ D uy .t/ D10sin.2x fot/*

with the frequency fo D 10*Hz, see Fig. 1.15. The output of the system is y.t/ D
—jv.t/. We simulate the models over the fixed time horizon (0; >°}. The linear
resistors have the same resistance RD2 kK and the linear capacitors have the
same capacitance C D 0:02 |F.

First, we describe the diode by the voltage-current relation

g.us/ D 10— .exp.40us/ — 1/; (1.59)

and apply only the PABTEC method to the decoupled linear system (1.49) that
models the linear circuit given in Fig. 1.14. System (1.49) with B 1503 variables
was approximated by a reduced model (1.52) of dimension 24. The outputs y and
§ of the original nonlinear system (1.31)—(1.33), (1.48), (1.59) and the reduced-
order nonlinear model (1.55), (1.56) with ¢ replaced by g are plotted in Fig. 1.15.
Simulation time and the absolute and relative Lz-norm errors in the output are
presented in Table 1.4. One can see that the simulation time is reduced by a factor
of 10, while the relative error is below 2%.

As the next step, we introduce the drift-diffusion model (1.17)—(1.22) for the
diode. The parameters of the diode are summarized in Table 1.5. Note that we do not
expect to obtain the same output y as in the previous experiment. Toachieve this, one
would need to perform a parameter identification for the drift-diffusion model which
is not done in this paper. In Table 1.6, we collect the numerical results for different
model reduction strategies. The outputs of the systems with the reduced network
and/or POD-reduced diode are compared to the full semidiscretized model (1.31)-
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Table 1.4 Simulation time and approximation errors for the nonlinear RC circuit with the basic
diode described by the voltage-current relation (1.59)

Simulation Absolute error Relative error

System Dimension time (s) ky — 9ki, ky — 9ki,=kyki,
Unreduced 1503 0.584
Reduced 24 0.054 5:441 - 10— 1:760 - 102
Table 1.5 Diode model Parameter Value
parameters T 1:03545 - 10—2F/cm

Ut 0:0259 V

No 1:4-10%1/cm3

h 1350 cm?/(Vs)

n 330109

(5] 480 cm?/(Vs)

P 331079

- (B0; 1] — E0; )] — E0; ]

I1 (Tength) 10—4cm

I (width) 10—5cm

I3(depth) 10~5¢m

N T<h=2 | _g:94. 10 1/cm?
N.i/; 1< 11=2 |4:06 - 108 1/cm?
FEM-mesh 500 elements, refined at £1D 11=2

Table 1.6 Statistics for model reduction of the coupled circuit-device system

Network Diode Absolute Relative

(MNA (DD Simul. | Jacobian error error

equations) | equations) |Dim. |time(s) |evaluations |ky—9ki, Ky — 9ki,=kyKL,
Unreduced | Unreduced |7510 |23.37 20

Reduced Unreduced |6031 | 16.90 17 2:165-10—% |7:335.10—*
Unreduced | Reduced 1609 1.51 16 2:952 -10—% |1:000 10!
Reduced Reduced 130 1.19 11 2:954 -10—% [1:000-10—"

(1.35) with 7510 variables. First, we reduce the extracted linear network and do
not modify the diode. This reduces the number of variables by about 20%, and
the simulation time is reduced by 27%. It should also be noted that the reduced
network is not only smaller but it is also easier to integrate for the DAE solver. An
indicator for the computational complexity is the number of Jacobian evaluations
or, equivalently, the number of LU decompositions required during integration.
Finally, we create a POD-reduced model (1.42) for the diode. The number of
columns sx of the projection matrices Ux is determined from the condition ""x <
tolpop With “"x defined in (1.36) and a tolerance tolpopD 10~ for each component.
We also apply the DEIM method for the reduction of nonlinearity evaluations in
the drift-diffusion model. The resulting reduced-order model (1.42) for the diode is
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net full / diode full
net red / diode full

P [ net full / diode red
| {x | / ;\ —— net red / diode red
1 \ if xl" ffffff input g (t)

input in 5- 10" V / output in A

1.5-100* 2.100* 25-107*
time

Fig. 1.16 Input voltage and output currents for the four model reduction setups

a dense DAE of dimension 105 while the original model (1.35) has dimension 6006,
for the diode only. Coupling it with the unreduced and reduced linear networks, we
obtain the results in Table 1.6 (last two rows). The simulation results for the different
model reduction setups are also illustrated in Fig. 1.16.

The presented numerical results demonstrate that the recoupling of the respective
reduced-order models delivers an overall reduced-order model for the circuit-device
system which allows significantly faster simulations (speedup-factor is about 20)
while keeping the relative errors below 10%.

Finally, we note that the model reduction concept developed in this section
is not restricted to the reduction of electrical networks containing semiconductor
devices. It can also be extended to the reduction of networks modeling e.g. nonlinear
multibody systems containing many simple mass-spring-damper components and
only a few high-fidelity components described by PDE systems.
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Chapter 2
Element-Based Model Reduction in Circuit
Simulation

Andreas Steinbrecher and Tatjana Stykel

Abstract In this paper, we consider model reduction of linear and nonlinear
differential-algebraic equations arising in circuit simulation. Circuit equations
obtained using modified nodal or loop analysis have a special structure that can
be exploited to construct efficient model reduction algorithms. For linear systems,
we review passivity-preserving balanced truncation model reduction methods that
are based on solving projected Lur’e or Lyapunov matrix equations. Furthermore,
a topology-based index-preserving procedure for extracting large linear subnet-
works from nonlinear circuits is given. Finally, we describe a new MATLAB
Toolbox PABTEC for model reduction of circuit equations and present some results
of numerical experiments.

21 Introduction

As integrated circuits get more complex and different physical effects have to be
taken into account, the development of efficient modeling and simulation tools
for very large networks is highly required. In this context, model order reduction
is of crucial importance, especially if simulation of large-scale systems has to be
done in a short time or it has to be repeated for different input signals. A general
idea of model order reduction is to approximate a large-scale dynamical system by
a reduced-order model that preserves essential properties like stability and passivity.
Itis also required that the approximation error is small.

Many different model reduction approaches have been developed in computa-
tional fluid dynamics, control design and electrical and mechanical engineering,
see [3, 13, 61, 64] for books on this topic. One of the most used model reduction
techniques in circuit simulation is moment matching approximation based on Krylov
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subspace methods, e.g., [6, 25, 30]. Although these methods are efficient for
very large sparse problems, the resulting reduced-order systems have only locally
good approximation properties, and stability and passivity are not necessarily
preserved. Furthermore, passivity-preserving model reduction methods based on
Krylov subspaces have been developed for structured systems arising in circuit
simulation [26, 27, 42, 48] and also for general systems [4, 38, 66]. However, none
of these methods provides computable global error bounds. Another drawback of
Krylov subspace methods is the ad hoc choice of interpolation points that strongly
influence the approximation quality. An optimal point selection strategy based on
tangential interpolation has been presented in [5, 32] that provides an optimal Hz-
approximation.

In this paper, we present a survey on passivity-preserving balanced truncation
model reduction methods for linear circuit equations developed in [54, 56, 72]. They
involve computing the spectral projectors onto the left and right deflating subspaces
corresponding to the finite and infinite eigenvalues of an underlying pencil and
solving projected matrix equations. An important property of these methods is the
existence of computable error bounds that allow an adaptive choice of the order of
the approximate model.

Furthermore, we consider model reduction of nonlinear circuits based on decou-
pling linear and nonlinear subcircuits followed by reduction of the linear part [68].
This model reduction approach can also be combined with the POD-based reduction
technique for semiconductor devices, see Chap. 1, and further with hierarchical
reduction methods studied in Chap. 4. The developed model reduction algorithms
for circuit equations were implemented as MATLAB toolbox PABTEC and tested
on practical problems.

Notation Throughout the paper, R™™ and C™™ denote the spaces of n ~ m

real and complex matrices, respectively. The opgH left and right half-planes are

denoted by C_— and Cc, respectively, and i D = —1. The matrices AT and A*
denote, respectively, the transpose and the conjugate transpose of & C™™, and
A—TDA—Y/T. An identity matrix of order n is denoted by I, or simply by I. We use
rank.A/, im.A/ and ker.A/ for the rank, the range and the kernel of A, respectively.
A matrix A 2C™"is positive definite (semidefinite), if v*Av > 0 (v*Av< 0) for
all non-zero v Z2". Note that positive (semi)definiteness of A does not require Ato
be Hermitian. For A; B C™", we write A > B (A&B) if A B is positive definite
(semidefinite). Furthermore, diag.A1;:::; As/denotesablock diagonal matrix with

2.2 Circuit Equations

In this section, we briefly describe the modeling of electrical circuits via differential-
algebraic equations (DAES) and discuss their properties. For more details on graph
theory and network analysis, we refer to [1, 20, 22, 40, 75].
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2.2.1 Graph-Theoretic Concepts

A general circuit can be modeled as a directed graph G whose vertices (nodes) ng
correspond to the nodes of the circuit and whose branches (edges) bk, D hng; n, |
correspond to the circuit elements like capacitors, inductors and resistors. For
the ordered pair bk,;x, D hngg; ni,i, we say that by,x, leaves ng, and enters ny,.
In this case, bk, is called incident with ny, and ng,. An alternating sequence
Dy, Broko; Nk 05 Nk brs_p:ke; N/ OF Vertices and branches in G is called a path
connecting ng, and nif the branches by;_,.;are incident with the vertices ng_,and
ngfor 2 = j < s. A path is closed if ng, Dnk,. A closed path is called a loop if
ng enfor 1 =S <j =except for ny,and nk,. A graph G is called connected
if for every two vertices there exists a path connecting them. A cutset is a set of
branches of aconnected graph whose removal disconnects the graph, and thissetis
minimal with this property. A subgraph of the graph G is called atree if ithas all
nodesof G, is connected and does not contain loops.

A directed graph G with ny vertices, ny branches and n; loops can be described
by an incidence matrix Ao D fapq] 2 R™™with

8
< 1 if branch g leaves vertex p;
apq D - —1 if branch g enters vertex p;
0 otherwise;

or by a loop matrix Bo D tbpg] 2 R™™ with

8

< 1 ifbranch g belongs to loop p and has the sameorientation,
bpg D _ —1 if branch g belongs to loop p and has the contrary orientation,

" 0 otherwise:

For a connected graph, the matrices Agand By satisfy the following relations
ker.Bo/ D im.ATJ; rank.A¢/ D ny — 1; rank.Bo/ D npb— nyC 1;
see [22, p. 213]. Removing linear dependent rows from Agand Bo, we obtain the

full rank matrices A2 R™—1™ and B R™ " CLM \which are called the reduced
incidence matrix and the reduced loop matrix, respectively.

2.2.2 Modified Nodal Analysis and Modified Loop Analysis

We now consider a general nonlinear RLC circuit that contains ng resistors, n,
inductors, n¢ capacitors, ny independent voltage sources and nr independent cur-
rent sources. Such circuits are completely described by the graph-theoretic relations
like Kirchhoff’s current and voltage laws together with the branch constitutive
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relations that characterize the circuit elements. Kirchhoff’s current law states that
the sum of the currents along all branches leaving and entering a circuit node is
zero. Kirchhoff’s voltage law states that the sum of the voltages along the branches
of any loop is zero. Let

iDGjg; i i i"yi"TI2R™;,  vDGEV'; ' vi; v V' I12R™
denote the vectors of branch currents and branch voltages, respectively, and let the
reduced incidence and loop matrices

ADGEAg; Ac; AL; Ay; Arl; BD EBg; Bc; BL; By; Br ]

be partitioned accordingly, where the subscripts r ; ¢ ; L; v and 1 stand for resistors,
capacitors, inductors, voltage sources and current sources, respectively. Then
Kirchhoff’s current and voltage laws can be expressed in the compact form as

AjDOQ; BvDO;
respectively, or, equivalently,
B"1Dj; ATyDyv;

where 1 R C1 and y R~ denote the vectors of loop currents and node
potentials.

The branch constitutive relations for nonlinear capacitors, inductors and resistors
are given by

Qe jL/ D vr; jc D %ac.vcl; ir D g.VR/; (2.1)

where the functions & R™¥IR"™ , gc WR" ER"c and g W R"®® R"® describe
electromagnetic fluxes in the inductors, capacitor charges and resistor voltage-
current characteristics, respectively. For current-controlled resistors, we have also
the relation vgD%. jgp /, where % R"®IR"® js the resistor current-voltage
characteristic function. We assume that

(A1) the functions g qcand g are continuously differentiable and their Jacobians

@ajL/ _ @qc.vc/ c Gg.vy/

J EE—
. D ..l D "¢/ D G.vgr/;
0iL L @vc ¢ @vg vk

are positive definite for all j, vcand vg, respectively.

This assumption guarantees that inductors, capacitors and resistors are locally
passive, see [19] for details.
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Using Kirchhoff’s laws and the branch constitutive relations, the dynamical
behaviour of a nonlinear circuit can be described using modified nodal analysis
(MNA) [37] by the following system of DAEs

Ex/dx D AxCfx/CBu; 2.2)
y D BTx;
where
2 3 2 3
AcC.ALylA, 0 0 0 —AL—Ay
Ex/D% 0 L.j/ 05; ADZAZ 0 0 5;
T
5 0 3 0 0 ) 3AV 0 0
—AR g.ART y/ —Ar 0 2 y 3
fx/D3 0 5 BD4 o 05 xD4j,5
0 0 | iv
(2.3)
and the input u and the output y have the form
T z i
up I, yp 1 (2.4)
Vy —iv

respectively. Another approach for modeling electrical circuits is based on modified
loop analysis (MLA), see [79]. In this case, the circuit equations take the form (2.2)
with

2 oy 3 2 3
ExD3Y 0 Cvecl 05; A DEBZ 0 o0 &
¢
, 0 4 0 0 JB 00 (2.5)
—Br%.BTv/ 0 —By 2 3
R 1
tx/D& 0 g: BDS 0 0 %; xD4vc5;
0 —1 0 VI

and the input and the output are as in (2.4).
We assume that the circuit is well-posed in the sense that

(A2) the circuit does not contain cutsets consisting of current sources (I-cutsets),
(A3) the circuit does not contain loops consisting of voltage sources (\V-loops).

These assumptions avoid open-circuit current sources and short-circuit voltage
sources, respectively. Assumption (A2) is equivalent to

rank.(E Ac; AL; Ar; Ayl Dny—1;
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which is, on the other hand, equivalent to rank.Bi/ D n;. In terms of rank conditions,
(A3) means that rank.Ay/ D ny or, equivalently, rank.(EBc; Br; Bg; B1]/ D nphy
1.C

The index concept plays an important role in the analysis of DAEs. To charac-
terize different analytical and numerical properties of DAE systems, several index
notations have been introduced in the literature, e.g., [17, 29, 33, 43]. For example,
the differentiation index is roughly defined as the minimum of times that all or part
of a DAE system must be differentiated with respect to t in order to determine the
derivative of x as a continuous function of t and x. In the sequel, we will use the
shorter term “index” instead of “differentiation index”. The following proposition
characterizes the index of the MNA system (2.2), (2.3).

Proposition 2.2.1 ([24, 68]) Consider a circuit satisfying assumptions (A1)—(A3).

1. The index of the MNA system (2.2), (2.3) is at mosttwo.
2. The index of the MNA system (2.2), (2.3) is equal to zero if andonly if

ny DO and rank.Ac/ D ny— 1: (2.6)
3. The index of the MNA system (2.2), (2.3) is equal to one if and only if

rank. EAc; Ay]/D rank.Ac/C ny and rank.B Ac; Ag; Ay)/ D ny—1:
2.7)

Similar, rank conditions can also be formulated for the MLA system (2.2), (2.5).
Considering the topological structure of the circuit, the conditions (2.6) imply
that the circuit does not contain voltage sources and the circuit graph contains
a capacitive tree, respectively. Furthermore, the first condition in (2.7) implies that
the circuit does not contain loops consisting of capacitors and/or voltage sources
(CV-loops) except for loops consisting of capacitors only (C-loops), whereas the
second condition in (2.7) means that the circuit does not contain cutsets consisting
of inductors and/or current sources (LI-cutsets).

In the following, we will distinguish between nonlinear circuits, which contain
nonlinear elements, and linear circuits consisting exclusively of linear capacitors,
inductors and resistors. A circuit element is called linear if the current-voltage
relation for this element is linear. Otherwise, the circuit element is called nonlinear.
Without loss of generality we may assume that the circuit elements are ordered such
that the incidence matrices are partitioned as

) ) ) ) h i
AcD Ay Ag ALD Ay Ap AR D Ay, Ag (2.8)

where the incidence matrices Ay, Ay and Ay correspond to the linear circuit
components, and Ag, Ag and Ap are the incidence matrices for the nonlinear
devices. We also assume that the linear and nonlinear elements are not mutually
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connected, i.e.,

2 3
2 3 2 3 dAy
N 0 )i} 0 T R

C.Acy/ D4 ; L.ii/D4 . 5; Apy/ D4 5,
cy/D% o GAyP it 0 Ly GARYI DA i
where (! 2 RYene, i 2 Rmwinwand @ 2 R are the capacitance, inductance and

conductance matrices for the corresponding linear elements, whereas
€IR" ¥ R "eMe; BIR™E R ™M, elR"" ¥ R"

describe the corresponding nonlinear components, and j o IS the current vector
through the nonlinear inductors.

2.2.3 Linear RLC Circuits

For simplification of notation, a linear RLC circuit containing nr linear resistors, n.
linear inductors, nc linear capacitors, n; current sources and ny voltage sources will
be described by the linear DAE system

Edx D Ax C Bu; (2.9)
y D B'x;
with the MNA matrices
2 T 3 2 T 3 2 3
epf o Lob ADE A 0o 04 BDE o og;
0 00 A 0 0 0 |
(2.10)
or the MLA matrices
2 T 3 2 T 3 2 3
B.LBT 0 0 —BgRB] —B; —B, 0 —By
EDd o c o4; ADY B¢ o 05 BDR o o &
0 00 B/ 0 0 —l 0
(2.11)

Here, the subscripts r; c; L; vand | stand for linear resistors, linear capacitors,
linear inductors, voltage sources and current sources, respectively, and L2 R™",
C 2 R™c, R2 R™M™and G D R'are the inductance, capacitance, resistance
and conductance matrices, respectively. Linear circuits are often used to model
interconnects, transmission lines and pin packages in VLSI networks. They arise
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also in the linearization of nonlinear circuit equations around DC operating points.
According to (A1), we assume that

(A17) the matrices L, C and G are symmetric and positive definite.

This condition together with (A2) and (A3) guarantees that the pencil hE — A is
regular, i.e., dethE—A/= 0 for some h 2 C, see [27]. In this case, we can define
a transfer function

G.s/DBT.sE— A/'B

of the DAE system (2.9). Applying the Laplace transform to (2.9) with an initial
condition x.0/ D xp satisfying Exo DO, we obtain y.s/ D G.s/u.s/, where
u.s/ and y.s/ are the Laplace transformations of the input u.t/ and the output y.t/,
respectively. Thus, the transfer function G.s/ describes the input-output relation
of (2.9) in the frequency domain. Note that the MNA system (2.9), (2.10) and the
MLA system (2.9), (2.11) have the same transfer function.

For any rational matrix-valued function G.s/, there exist matrices E, A, Bin and
Boutsuch that G.s/ D Bout.SE — A/Bin, see [21]. Then the DAE system

Edx D Ax CBinu;
y D BoutX;

is said to form a realization of G.s/. We will also denote a realization of G.s/ by
G D .E; A; Bin; Bout/.. . o .
The transfer function G.s/ is called proper if lim G.s/ < 1, and improper,
s

otherwise. If G.s/ is proper and analytic in Cc , then the H4_-norm of G.s/ is
defined as

kGKr, D sup kG.s/k D lim sup kG.o Cil/k;
s2Cc 0¥ 01I2R

0>0

where k-k denotes the spectral matrix norm.

2.2.3.1 Passivity

Passivity is the most important property of circuit equations. System (2.9) with
x.0/ D 0 is passive if

Z4

u.’/Ty."/d" <0 (2.12)
0
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for all t€ and all admissible u such that u'y is locally integrable. Passive elements
can store and dissipate energy, but they do not generate energy. Thus, capacitors,
resistors and inductors are passive, while current and voltage sources are not.

It is well known in linear network theory [1] that the DAE system (2.9) is passive
if and only if its transfer function G.s/ D BT.sE — A/—'B is positive real, i.e., G
is analytic in Cc and G.s/C G.s/* <0 for all s 2C . Since the system matrices
in (2.10) satisfy ED E'< 0 and AC AT<0, the transfer function of (2.9), (2.10)
is positive real, and, hence, this system is passive.

2.2.3.2 Stability

Stability is a qualitative property of dynamical systems which describes the
behaviour of their solutions under small perturbations in the initial data. For the
linear DAE system (2.9), stability can be characterized in terms of the finite
eigenvalues of the pencil hE A- e.g., [21]. System (2.9) is stable if all the
finite eigenvalues of hE —A lie in the closed left half-plane and the eigenvalues
on the imaginary axis are semi-simple, i.e., they have the same algebraic and
geometric multiplicity. System (2.9) is asymptotically stable if the pencil hE — A
is c-stable, i.e., all its finite eigenvalues lie in the open left half-plane. Note that
passivity of the MNA system (2.9), (2.10) implies that this system is stable [1,
Theorem 2.7.2]. Topological conditions for the asymptotic stability of the MNA
equations (2.9), (2.10) can be found in [58, 59].

2.2.3.3 Reciprocity

Another relevant property of circuit equations is reciprocity. We call a matrix S 2
R™Ma signature if S is diagonal and S? D In. System (2.9) is reciprocal with
an external signature Sext 2 R™™Mif its transfer function satisfies

G.S/ D Sex’[G.S/T Sext

for all s 2 C. Obviously, the MNA system (2.9), (2.10) with symmetric L, Cand G
is reciprocal with the external signature Sext D diag.ln,; —In, /.

2.3 Model Reduction of Linear Circuits

Consider the linear MNA system (2.9), (2.10) with E; 2 R™Mand B2 R™™. We
aim to approximate this system by a reduced-order model

E2e D ARCBuy; (2.13)
9D €y
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where B, A 2 R B 2 R™™ € 2 R™™and n,  n. It is required that the
approximate system (2.13) has a small approximation error y — § and also preserves
passivity and reciprocity. In the frequency domain, the error can be measured via
G —@& in an appropriate system norm, where &.s/ D €.s& — A/~1B is the transfer
function of system (2.13).

A classical approach for computing the reduced-order model (2.13) is based on
the projection of system (2.9) onto lower dimensional subspaces. In this case, the
system matrices in (2.13) have the form

EDWET; ADWTAT; B D WTB; ¢DB'T; (2.14)

where the projection matrices W, T 2 R™™ determine the subspaces of interest.
In interpolation-based passivity-preserving model reduction methods like PRIMA
[48], SPRIM [26, 27] and spectral zero interpolation [38, 66], the columns of these
matrices span certain (rational) Krylov subspaces associated with (2.9).
Balanced truncation also belongs to the projection-based model reduction tech-
niques. This method consists in transforming the dynamical system into a balanced
form whose appropriately chosen controllability and observability Gramians are
both equal to a diagonal matrix. Then a reduced-order model (2.13), (2.14) is
obtained by projecting (2.9) onto the subspaces corresponding to the dominant
diagonal elements of the balanced Gramians. In order to capture specific system
properties, different balancing techniques have been developed in the last 30 years
[31, 46, 47,52, 55, 69]. An important property of these techniques is the existence of
computable error bounds that allow us to approximate (2.9) to a prescribed accuracy.
In Sect. 2.3.1, we consider a passivity-preserving model reduction method for
general RLC circuits developed in [54, 72]. This method is based on balancing
the Gramians that satisfy the projected Lur’e matrix equations. For RC circuits
consisting only of resistors, capacitors, current sources and/or voltage sources,
this method can significantly be simplified. In Sect. 2.3.2, we present passivity-
preserving model reduction methods for RC circuits developed in [56] that rely
on balancing the solutions of the projected Lyapunov equations. Thereby, we will
distinguish three cases: RC circuits with current sources (RCI circuits), RC circuits
with voltage sources (RCV circuits) and RC circuits with both current and voltage
sources (RCIV circuits). Finally, in Sect. 2.3.3, we discuss the numerical aspects of
the presented balancing-related model reduction algorithms.

231 Balanced Truncation for RLC Circuits

First, we consider model reduction of general RLC circuits. Note that passivity of
the MNA system (2.9), (2.10) can be characterized via the projected Lur e equations

EX.A—BB'/TC.A— BB/ XE' C 2P,BB"PTD —2KKT; 015
EXB—PBM{ D—KJI; |—MM'DJJl; X DPXPI<0;
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and
E'YA—BB"/C.A—BBT/TYEC 2P"BB"P,D —2KTK :
r 0o o (2.16)
—ETYBCP/BMoD —KJJ,; 1 — MTM DJJ, YDP'YR <0

with unknowns X R"™" Kx R™™ JR R™M and 2 R™", Kg R™" J2 R™M
respectively. Here, Prand P are the spectral projectors onto therightand left defla-
ting subspaces of the pencil hE-.A BB/ corresponding to the finite eigenvalues
alongtherightand left deflating subspaces corresponding to the eigenvalue at infi-
nity, and

MoD | —2 I'irg_BT SE— A CBB'/'B: (2.17)
si

In general, the solvability of the projected Lur’e equations (2.15) and (2.16) requires
that system (2.9) is passive and R-minimal, i.e.,

rank.(EhE — A ;B]/ D rank. EhET—AT; B}/ Dn

for all h £. For the circuit equations (2.9), (2.10), however, the R-minimality
condition can be removed.

Theorem 2.3.1 ([54]) Consider an MNA system (2.9), (2.10) satisfying (A1"), (A2)
and (A3). Then the projected Lur’e equations (2.15) and (2.16) are solvable.

Note that the solutions X and Y of (2.15) and (2.16) are not unique. However,
there exist unique minimal solutions Xminand Yminthat satisfy 0 < Xmin = X and
0 ¥min Y $r all symmetric solutions X and Y of (2.15) and (2.16), respectively.
These minimal solutions Xminand Ymin 0f (2.15) and (2.16), respectively, are called
the controllability and observability Gramians of system (2.9). This system is
called balanced if XmiD Ymin Ddiag.”; 0/, where = ddag. 1;::: ; ni/ With
1 =0 % 0&dns rankP/. The values jare called the characteristic
values of (2.9). Based on the energy interpretation of the Gramians Xmin and Ymin,
see [55], one can conclude that the truncation of the states of a balanced system
corresponding to the small characteristic values does not change the system
properties significantly. The characteristic values and balancing transformation
matrices can  be determined from the singular value decomposition of the matrix
Y TEX, where X and ¥ are the Cholesky factors of the Gramians Xmin D XX T and
Ymin D ¥¥T. Taking into account the block structure of the MNA matrices in (2.10),
we have ET D SintESintand AT D SintASint With

SintD dlaglnv—l, —InL;—InV/: (218)

This implies that Ymin D SintXminSint. Then instead of the more expensive singular
value decomposition of ¥ TEX, we can compute the eigenvalue decomposition of the
symmetric matrix X "SikEX . In this case, the numerical solution of only one Lur’e
equation is required. If h;j are eigenvalues of X TSiEX, then _jD jhj. Thus, the
reduced-order model (2.13), (2.14) can be determined by projecting (2.9) onto the
subspaces corresponding to the dominant eigenvalues of X7 SintEX.
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One can also truncate the states that are uncontrollable and unobservable at
infinity. Such states do not contribute to the energy transfer from the input to the
output, and, therefore, they can be removed from the system without changing
the input-output relation [69, 71]. For general DAE systems, such states can be
determined from the solution of certain projected discrete-time Lyapunov equations
[69]. Exploiting again the structure of the MNA equations (2.9), (2.10), the required
states can be determined from the eigenvalue decomposition of the symmetric
matrix .| — Mo/Sext with

Sext D diag. In;; —Iny/: (2.19)

We summarize the resulting model reduction method for RLC circuits in Algo-
rithm 2.1.

Algorithm 2.1 Passivity-preserving balanced truncation for RLC circuits

Given a passive MNA system (2.9) with E, A, B as in (2.10), compute a reduced-order
model (2.13).

1. Compute the full-rank Cholesky factor R of the minimal solution Xmin XXQ8¥ the projected
Lur’e equation (2.15).
2. Compute the eigenvalue decomposition
z2 0 )
R'SnER DU U] <7 tuu g
0 2,
where Sintis as in (2.18), the matrix € Uy; U2] is orthogonal, 21 D diag.hs; :::; he/ and

2> [@iag.hr 25 hel.
3. Compute the eigenvalue decomposition

1 — Mo/Sext D Ug2oU7

4. Compute the reduced-order system (2.13) with

b3 ~ _#
T _
6D I 0 ; RD WTA'b_ W'BCq1= 2
00 —BhLBTT= 2 ||o_?1C1:2
~ T
L~ ~ eép BT C -
BD _Bp_ ; ;o= 2
—Ba="2

where

Ba D S0j20j5%U'Sex; Ca D U jR0j*%
W D SinfUj21j752% T D RU,S1j21j7 52
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One can show that the reduced-order model computed by Algorithm 2.1 pre-
serves not only passivity but also reciprocity. Moreover, we have the following error
bound

k&—Gku, = KICGKL ciCiC o
1—kl CGkHl.(rClCZZZC‘qI

provided kIl C GkH,. . rc1C i1 C ¢/ < 1, see [54] for details. Note that this
error bound requires the computation of the H4 -norm of G, which is expensive for
large-scale systems. Ifrischosenin Algorithm 2.1such that

kI C®kny..rc1C:iiC o/ <1
then we can estimate

k& —Gky, < K Cékl, .rc1C:C o
1—kI C &k, . rc1C:i:C Lo/

; (2.20)

where only the evaluation of the Ha -norm of the reduced-order system & is
required.

If the matrix | — MoM{ is nonsingular, then the projected Lur’e equation (2.15)
can be written as the projected Riccatiequation

EXFTC FXETCEXB'BXE'CPB B'P'D0; XDP XP'; (2.21)
r r

cc I ool

where

FDA—BB'— 2P|Bl\éT I—M I\{)IT/—lBTPr;

B.D p2_Jc_18TPr; BoD— 2BJ;%; (2.22)

JJIDI—MM]; 373, D I —MMy:
Note that the invertibility of I — MM/ depends on the topological structure of the
circuit.
Theorem 2.3.2 Consider an MNA system (2.9), (2.10). Let the matrix Mo be as
in (2.17). Then I — MgM; is nonsingular if and only if

rank.ZLEA;; Av]/ D n C ny; ZrEA; Av]1DO; (2.23)

where Zc and Zgc are the basis matrices for ker AT fand ker.E Ar; Ac]"/, respec-
tively.
Proof The result immediately follows from [54, Theorem 7].

The first condition in (2.23) is equivalent to the absence of loops of capacitors,
voltage sources and current sources (CVI-loops) except for loops consisting of
capacitive branches (C-loops). The second condition in (2.23) means that the circuit
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does not contain cutsets consisting of branches of inductors, voltage sources and
current sources (LVI-cutsets) except for cutsets consisting of inductive branches
(L-cutsets).

2.3.2 Balanced Truncation for RC Circuits

We now present a Lyapunov-based balanced truncation model reduction approach
for RC circuits. In this approach, the Gramians of system (2.9) are defined as
unigue symmetric, positive semidefinite solutions of the projected continuous-time
Lyapunov equations

EXATC AXETD —PBB'PT; XD PXPT;
E'YACA'YED —P/BB™P; YDP|YP;

The numerical solution of such equations is much less exhausting than of the
projected Lur’e or Riccati equations. For a balanced system, these Gramians are
both equal to a diagonal matrix

X DY Ddiag. ~;0/;

where © Diag.oy;::: ; on/. The values ojare called the proper Hankel singular
values of system GDE; A; B; BT/. They determine which states are important and
which states can be removed fromthe system.

Note that Lyapunov-based balanced truncation does not, in general, guarantee
the preservation of passivity in the reduced-order model. However, the RC circuit
equations either have a symmetric structure

EDE"<0; ADAT<0; (2.24)
or they can be transformed under preservation of passivity into a symmetric form.
Then Lyapunov-based balanced truncation applied to symmetric systems is known

to be structure-preserving [45] and, hence, also passivity-preserving. All model
reduction algorithms presented in this section have been developed in [56].

2.3.2.1 RCI Circuits

First, we consider RCI circuits consisting of resistors, capacitors and current sources
only. The MNA matrices are then given by

E D AcCAL; A D —ARGAS; BD—A: (2.25)
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Algorithm 2.2 Passivity-preserving balanced truncation for RCI circuits

Given a passive MNA system (2.9) with E, A, B as in (2.25), compute a reduced-order
model (2.13).

1. Compute the full column rank matrices Zc and Zg suchthat
im.Zc/ Dker.Al/;  im.Zr/Dker.AY:

2. Compute a full-rank Cholesky factor X®f the solution X D XRT of the projected Lyapunov
equation

EXACEXAD—PBB'P; XD PXP;
where
PDI|— Zg.ZEZe/ "2 E — Zc .2 AZc 'ZTA

is the spectral projector onto the right deflating subspace of hE — A corresponding to the finite
eigenvalues with negative real part.
3. Compute the eigenvalue decomposition
5 -

R'ER DU U,] 01 0 tu;uU g, (2.26)
2

4. Compute the full-rank Cholesky factors By 2 R™™ and B4 2 R">™ of the matrices
Ro D BB jand R4 D BB 1 given by

Ro D B'Z5.ZTEZp/*Z7B; Ra D —B"Z..2%AZc/~'27: (2.27)
5. Compute the reduced-order system (2.13) with
2 3 2 3 2 3

Ir 0 0 As O 0 Bs
ED40 1, 05; AD40 0 0 S5S; BDE D4 B5; (2.28)

0 0 O 0 0 —ly Ba

where

AsD “TPUTRTARU: T T and BsD T T CUTRTB: (2.29)

Obviously, the symmetry condition (2.24) is fulfilled. In this case, the reduced-order
system (2.13) can be computed by Algorithm2.2.

One can show that the reduced-order system (2.13), (2.28) has the transfer
function

&.s/D¢.sE—A'BDBLsI—A/'B CRu1;

1
o o~
CSRO
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where the matrices Ro and R4 are as in (2.27), and As and Bs are given in (2.29).
Furthermore, we have the following H 4 -norm error bound.

Theorem 2.3.3 ([56]) Let an RCI circuit (2.9), (2.25) fulfill (A1") and (A2). Then
a reduced-order model (2.13), (2.28) obtained by Algorithm 2.2 is passive and
reciprocal with an external signature Sext D In,. Moreover, for the transfer
functions G and & of the original system (2.9), (2.25) and the reduced-order
model (2.13), (2.28), we have the H1 -norm error bound

kG — &kn, < 2.01c1C::: Cogf;

where ojare the proper Hankel singular values of G D.E; A; B; BT/ obtained
in (2.26).

2.3.2.2 RCV Circuits

We now consider RCV circuits consisting of resistors, capacitors and voltage
sources. Unfortunately, the MNA equations for such circuits do not satisfy the
symmetry conditions (2.24). We can, however, transform the MLA equations with
the system matrices

" 0 0# ' T # ' 5 #

—BrRB; —B —
2D b ; R OC; BD OV (2.30)
0C '’ T

into a symmetric system. Such a transformation is the frequency inversion
G’s/D G.sU:
The transfer function of the transformed system can be realized as
G’s/D BT?.SE?— A?/_lB?;
where
E;D Bc.C'B; A;D —BgRB[; B.D —By: (2.31)
Reducing this system and applying the back transformation, we obtain a reduced-
order model. The resulting model reduction method is given in Algorithm 2.3.

The following theorem provides the error bound for the reduced model (2.13),
(2.33).
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Algorithm 2.3 Passivity-preserving balanced truncation for RCV circuits

Given a passive MLA system (2.9) with E, A, B as in (2.30), compute a reduced-order
model (2.13).

1. Compute the full column rank matrices Yc and Ygr such thatim.Yc/ D ker.BTg and
im.Yr/ D ker.B%/.

2. Compute a full-rank Cholesky factor X®f the solution X D XRT of the projected Lyapunov
equation

E»>XA, C E-XA, D —PB,B] P; X D PXP;
where Es, Ao, Brare as in (2.31) and
P D1 — YR YaE Yo/ Y E, — Yo YA Y/ Y A,

is the projector onto the right deflating subspace of hE» A> corresponding to the finite
eigenvalues with negative real part.
3. Compute the eigenvalue decomposition

5 .
R'E-R DU U,] 01 0 tuiu g (2.32)
2

4. Compute the matrices

AsD TPUIRTARU, TS BD TTTPUTATB
Ro D BLYR.YRE,Yr/~1YTBs; Ra D —BTY%c.YTA,Yc/~1YTBy;
R4 D Rl—BTSA_SlB 5

5. Compute the eigenvalue decomposition
ZR R ) z2 Ov
1 Ro . 0 . T.
DtV;V tviVviy,
Ry 0 iV ViV

where € V1; V2] is orthogonal and 2¢ is nonsingular.

6. Compute the reduced-order system (,2.13)Wit2t Coy
s e
ED '00 . AD Aloo : BD—-€¢"D B, : (2.33)
0Eq 0 Aq B
where A; D A7, B D A;'B, and
zR ov ZR R i ZR i
0 . 0
E2DV] ", Vi AiDV] ;}0 V; BaDV] %
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Theorem 2.3.4 ([56]) Let an RCV circuit fulfill assumptions (A17) and (A3). Then
a reduced-order model (2.13), (2.33) obtained by Algorithm 2.3 is passive and
reciprocal with an external signature Sexx D In,. Moreover, for the transfer
functions G and & of the original system (2.9), (2.10) and the reduced-order
model (2.13), (2.33), we have the H1 -norm error bound

kG — &kn, < 2.01c1C::: Cogf;

where oj are the proper Hankel singular values of G’D .E,; A,; B,; BT/ obtained
in (2.32).

2.3.2.3 RCIV Circuits

Finally, we consider RCIV circuits that contain resistors, capacitors and both current
as well as voltage sources. Such circuits are modeled by the linear system (2.9) with
the MNA matrices
# " # Y #
A CAE 0

:
ED . AD ~™CGAr —Av . gp A0 (2.34)
€0 0 AY 0 0o |
or the MLA matrices
2 3 2 3 2 3
0 0O —BRRB; —Bc —B; 0 —By
EDdo c 04, ADE B o o5 BDRo 04 ()
000 BT 0 0 —1 0

Due to the reciprocity, the transfer function of this system can be partitioned in
blocks as

" Gn.sl Gy .S/#.

G.s/ N —GVT sl Gyy .s/

see [56]. Assume that
(A4) the circuit does not contain cutsets of current and voltage sources.

Then Gyy .8/ is invertible and G.s/ has a (2,2) partial inverse defined as

#
Gu.s/C Gy.s/ G Ls/Gl.s/  —G,y.5/Gyts/

.2;2/
G=%s/D —Gyy.s/ GJ,.s/ G-/
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Algorithm 2.4 Passivity-preserving balanced truncation for RCIV circuits—I
Given a passive MNA system (2.9) with E, A, B as in (2.34), compute a reduced-order
model (2.13).
1. Compute a reduced-order model 2% DBy.; Aro; Bao; €20/ by applying Algorithm 2.2 to
the system G2% D.E,; Ay; Byg; BT of as in (2.36).
2. Compute the reduced-order system (2.13) with
" 4 5 .

5 -
€0 0 . Ao B B 0o .
ED o o AD g 2 QDErD é ) (2.37)

where 31 D Qz;z[}ln,; O]T and Bz D Bz;z(l:(); |nV]T.

Thisrational function can be realized as G-*?.s/ D B, , .SE,, —A,,/™'B,., with
E22D AcCAT; Az2D —AGA'; B2:2D E—A; —AV]: (2.36)

Note that the (2,2) partial inversion can interpreted as the replacements of all voltage
sources by current sources. Thesystem G2 D .E,.; Ay Byoo; E’{ ol IS symmetric
and passive. Then applying balanced truncation to this system and reversing the
voltage replacement, we obtain a required reduced-order model, see Algorithm 2.4.
The following theorem establishes the properties of the reduced-order
model (2.13), (2.37) and gives an error bound.

Theorem 2.3.5 ([56]) Consider an RCIV circuit fulfilling assumptions (A1),

A3) and 4), Let ap Zc be the basis matrices for ker. AT/, and
ke&.Aag/, respeg'ta?vgly, and%gt ZB] t&ecthe%agls matrix ortlm.AR/. Assumeecha{*
A'Z,.ZFA CALZY—*ZIA |, D 0 andZlA,, has full column rank. Then the reduced-
order model (2.13), (2.37) obtained by Algorithm 2.4 is passive and reciprocal
with the external signature Sext D diag.ln, ; —In,/. Moreover, for the transfer

functions G and & of the original system (2.9), (2.34) and the reduced-order
model (2.13), (2.37), we have the error bound

kG — @k, <2.1C % C c?e%.0c1C::: Cogl;

where ojare the proper Hankel singular values of the (2,2) partially inverted system
G'2;2/,

ciDkA\Z . ZIAGATZ T1ZIA K

c2 DKATHA , k*2kA] HA, k'™
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with
: I
H D QzZL .z ARGATZ'y .24 Q"and Q D 1—-Z .Z'A GATZ /7'ZTA, GAT: ¢

An alternative approach for model reduction of RCIV circuits is based on
considering the frequency-inverted MLA system

G’s/DG.s Y/ DBLSE, —AJ/'B,

with the matrices
L1 # (1] - # " #
E,D BeCTBE 0 ., BeRB, —8,

0o 0 BT 0 —1 0

Let G.s/ be partitioned in blocks as

" #
Gi.8/ Gyl

—GJ .8/ G,,.8/

G’s/ D

Assume that
(A5) the circuit does not contain loops of current and voltage sources.

Then G198/ is invertible and G”.s/ has an (1,1) partial inverse defined as

—1 —1
C—:-11 .s/ Gll .s/q‘2 .s/

?7.1;1/
GTTESID G 1615/ G _.s/CGT.s/GLs/ G s/
27 T 22 2o 12

D B1;S Eyy — A/ Buy;
where
E12D B.C'BY A11D —BRRB/; B1:1D E—Bj; —Bv]: (2.38)

Reducing this symmetric system and reversing the initial transformation, we obtain
a required reduced-order model. This model reduction method is presented in
Algorithm 2.5.

The following theorem establishes the properties of the reduced-order
model (2.13), (2.39) and gives an error bound.

Theorem 2.3.6 ([56]) Consider an RCIV circuit fulfilling assumptions (A1),
A2) and (A5). Let Yr and e the basis. matrices for ker.BT/ . and

&er.%f}, res&;ecl)lvelfy, and let YO E% tRe basis matrix for im.Br/. Assume thaf

B/ Yx.YEB C'BLY/—YTB | D 0 and Y'B , has full column rank. Then the
reduced-order model (2.13), (2.39) obtained by Algorithm 2.5 is passive and
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Algorithm 2.5 Passivity-preserving balanced truncation for RCIV circuits—II

Given a passive MLA system (2.9) with E, A, B as in (2.35), compute a reduced-order
model (2.13).

1. Compute a reduced-order model &; D .Ei; A; By; €1/ using Algorithm 2.3, where E,, A,
and B»are replaced, respectively, by E1.1, Ai;1and By:1as in (2.38).
2. Compute the reduced-order, system (2.13) with
60 A # 0g o o
D 7. AD "' Bu. gD "By . €D —m (2.39)
0 0 €u 0 In, 0 €n o0

g

where By D Bylly,; 0]7, Biy D B1GE0; 10,17, €11 D lly; 0]€1and €21 D G0, 1,]€1.

reciprocal with the external signature Sext D diag.ln, ; —In,/. Moreover, for the
transfer functions G and & of the original system (2.9), (2.35) and the reduced-
order model (2.13), (2.39), we have the error bound

kG — @k, <2.1C¢4C 6%%.0rc1 C::: Cog/;
where ojare the proper Hankel singular values of the system .G”/+Y,

¢ D k.BIYc.YEBRRBTY /Y81 72K;
¢, D kBT RIByk*=?kB" 1B k2
\ |

with
: i
D QYL .YY B RBTY' . YL@ QD I—Y yY'B CBlY/ Y8 .CIBL:

Remark 2.3.7 Model reduction methods for RC circuits can also be extended to
RL circuits which contain resistors, inductors, voltage and/or current sources.
Observing that the frequency-inverted MNA equations for RLI circuits as well as the
MLA equations for RLV circuits yield symmetric systems, we can design balanced
truncation model reduction methods for RL circuits similar to Algorithms 2.2-2.5.

2.3.3 Numerical Aspects

The most expensive step in the presented model reduction algorithms is solving
matrix equations. The numerical solution of the projected Lyapunov and Riccati
equations will be discussed in Sects. 2.5.1 and 2.5.2, respectively. Here, we consider
the computation of the matrix Mo and the projectors P and Py required in
Algorithm 2.1 as well as the basis matrices required in Algorithms 2.2-2.5.
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Fortunately, using the MNA structure of the system matrices in (2.10), the matrix
Mo and the projectors Prand P;can be computed in explicit form

. #
| —2ATZHZ1ZTA, 2A] ZHZTA,
i ; (2.40)
—2ATZHTZTA  —I C2NZH'ZTA,
5 3
Hs.HaH2 — I/ HsHsALHs 0
P,D 4 0 H 05 D SintP|TSint; (2-41)

—ATHiHo—1/ —ATHaAHs O
\ %4

where Sintis given in (2.18), and

HoD Z7.A:GATC AATC AAT/Z;

Hl D ZF, crid '1:
Ho D Ag GAT C A A c AVAT CALT A ZeqHT'ZT A LTAT;
HsD ZT(HzZ .
Hi D ZoH3'Z s
H5 D ZCR|VH1_ ZT VALL_lAT_ I,

CRI L
HeD I —L!ATZ H—ZT A ;
L CRV 1 CRIV L

ZDZZhy g

Zc is a basis matrix for ker.AT;

Zb—_c is a basis matrix for im.ZT%Ag; Ai; Avl/;
Zcrivis a basis matrix for ker.E Ac; Ar; Ai; Av]'/;

see [54, 72] for details. The basis matrices Zc and Zcriv can be computed by
analyzing the corresponding subgraphs of the given network graph as described in
[23]. For example, the matrix Zc can be constructed in the form

2 3

by searching the components of connectivity in the C-subgraph consisting of the
capacitive branches only. Here, 1 O1;::: ;17 R4 i D 1;:::;s and ..c is
a permutation matrix. For this purpose, we can use graph search algorithms like
breadth-first-search [40]. As a consequence, the nonzero columns of

Ariv—c D ZliAg; Ar; Av]
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form again an incidence matrix. In order to compute the basis matrix Z%,, ¢, we
first determine the basis matrix

1,

Zriv—c D ...RIV—C§ - 72

forker. AT /from the associated graph. Then the complementary matrix Z°
RIV_C RIV—C
can be determined as

0 )
Zriv—c D ...Riv—CcSRIv—c;

where Sriv—c is a selector matrix constructed from the identity matrix by removing
1-st, .11@/-st, :: :, 11 C: KEL/Gt columns. One can see that the resulting basis
matrices and also the matrices Ho, H1, Hz, H3z, Hsand He are sparse. Of course, the
projector Py will never be constructed explicitly. Instead, we use projector-vector
products required in the numerical solution of the Riccati equation.

Algorithms 2.3 and 2.5 require the knowledge of the reduced loop matrix B that
can be obtained by the search for a loop basis in the circuit graph [2, 22, 39, 40].
Since the efficiency in the numerical solution of the projected Lyapunov equations
can be improved if the matrix coefficients are sparse, it is preferable to choose a basis
of loops with length as small as possible. This kind of problem was treated in [49].

The basis matrices Zg, Z% and Zc required in Algorithms 2.2 and 2.4 can be
computed using graph search algorithms as described above. The basis matrices
Yrand Ycrequired in Algorithms 2.3 and 2.5 can be determined by searching
for dependent loops in the graphs Gr and Gc consisting of the resistive and
capacitive branches, respectively. Furthermore, the basis matrix Y} can be obtained
by removing the linear dependent columns of Br. Such columns can be determined
by searching for cutsets in the graph Gr, e.g., [2]. For the analysis of loop
dependency and the search for cutsets in a graph, there exist a variety of efficient
algorithms, see [40] and the references therein.

2.4 Model Reduction of Nonlinear Circuits

In this section, we present a model reduction approach for nonlinear circuits
containing large linear subnetworks. This approach is based on decoupling the
nonlinear circuit equations (2.2) into linear and nonlinear subsystems in an appro-
priate way. The linear part is then approximated by a reduced-order model using
one of the model reduction algorithms from Sect. 2.3 depending on the topological
structure of the linear subcircuit. The nonlinear part either remains unchanged or
is approximated by a trajectory piece-wise linear (TPWL) approach [57] based on
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TPWL, POD PABTEC

Fig. 2.1 A model reduction approach for nonlinear circuits

linearization, or proper orthogonal decomposition (POD), e.g., [65], which relies
on snapshot calculations. If the circuit contains semiconductor devices modeled by
instationary nonlinear partial differential equations [67, 73], these equations can
first be discretized in space and then reduced using the POD method as described in
[35, 36], see also Chap. 1 in this book. Finally, combining the reduced-order linear
and nonlinear models, we obtain a reduced-order nonlinear model that approximates
the MNA system (2.2). The concept of this model reduction approach is illustrated
in Fig. 2.1. We now describe this approach in more detail.

First, we consider the decoupling procedure developed in [68] that allows us
to extract a linear subcircuit from a nonlinear circuit. This procedure is based
on the formal replacement of nonlinear inductors by controlled current sources,
nonlinear capacitors by controlled voltage sources and nonlinear resistors by
equivalent circuits consisting of two serial linear resistors and one controlled
current source connected parallel to one of the introduced linear resistors. Such
replacements are demonstrated in Fig. 2.2, where we present two circuits before and
after replacements. It should be noted that the suggested replacements introduce
additional nodes and state variables, but neither additional CV-loops nor LI-cutsets
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Fig. 2.2 Replacements of nonlinear circuit elements

occur in the decoupled linear subcircuit meaning that its index does not exceed the

index of the original system (2.2). The following theorem establishes the decoupling

on the equation level.

Theorem 2.4.1 [68] Let Al 2 0;1g n—1nRand A2 2 f—1;0gn,—1;n! satisfy the
R n n

o1 2
relation AR CAQ D A, and let Gi;G2 2 R # R be symmetric, positive definite.
Assume that vg 2 R"eand j, 2 R"? satisfy

voD ATy;
C ®

j:D .G1C G2/Gr'@.ATy/ —GoAT y: (2.42)
Then system (2.2) together with the relations

. d

jo D €vg/ W (2.43)

y:D .G1C Go/L.G1.AY [Ty — G2.A? [Ty — i/ (2.44)
R R

for the additional unknowns y, 2 R"# and jg 2 R"¢has the same components 'y, y;,
ips g, Jv and jg in the state vector as the system
d T
B.jp/ 4ip D Agy (2.45)




64 A. Steinbrecher and T. Stykel

coupled with the linear DAE system

Edx D Ax C Bu; (2.46)
y-D BTx;
h iT h ) ir
wherex- D y'y; Ji"  jg ou-D dpih g VT vg o
2 3 2 3 2 3
A.CAT 0 O —AGAT —A —Ay —A O
c R
ED® o L o5 ADE A o o0%;8DR 0 oz
0 00 Al 0 0 0 I
(2.47)
and the incidence and element matrices are given by
" # I'T] # Z -~ LA
A Ay At A% An #
Ac D ¥ i ArRD Ay ACQ
R . ALD L : AyD ;
0 0 —I 1 0 0 0
" 3
A A? # 2, 0 0
AD ' R AB;GD4901 05; cod;, LD
o 10 0 0 G

(2.48)

Note that the system matrices in the decoupled linear system (2.46)—(2.48) are in
the MNA form. This system has the state space dimension

nD.nv—1/CnpCnyCny Cng

and the input space dimension m- D n; C np C np C ny C ng. It should also be
noted that the state equivalence in Theorem 2.4.1 is independent of the choice of the
matrices G; and G2 satisfying the assumptions in the theorem. The substitution of
nonlinear resistors with equivalent circuits as described above implies that G;and
G:are both diagonal and their diagonal elements are conductances of the first and
the second linear resistors, respectively, in the replacement circuits.

The following theorem establishes the well-posedness of the decoupled system
(2.46)—(2.48).

Theorem 2.4.2 ([68]) Let a nonlinear circuit satisfy assumptions (Al)—(A3).
Assume that it contains neither loops consisting of nonlinear capacitors and voltage
sources (CV-loops) nor cutsets of nonlinear inductors and/or current sources
(CV-loops). Then the decoupled linear DAE system (2.46)—(2.48) modeling the
linear subcircuit is well-posed in the sense that

1. the matrices C, L and G are symmetric and positive definite,
2. the matrix Ay has full column rank,
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3. the matrix EAc; Ar; Agr; Av] has full row rank.

Note that the presence of €V-loops and LI-cutsets in the original circuit would
lead after the replacement of the nonlinear capacitors and nonlinear inductors by
voltage sources and current sources, respectively, to V-loops and I-cutsets in the
decoupled circuit that would violate its well-posedness.

The next theorem shows that slightly stronger conditions for the original
nonlinear circuit guarantee that the decoupled linear DAE system (2.46)—(2.48) is
well-posed and, in addition, has index at most one.

Theorem 2.4.3 ([68]) Let a nonlinear circuit satisfy assumptions (Al1)—(A3). If
this circuit contains neither CV-loops except for &-loops with linear capacitors
nor LI-cutsets, then the linear system (2.46)—(2.48) modeling the extracted linear
subcircuit is well-posed and is of index at most one.

The index one condition for system (2.46)-(2.48) implies that its transfer
function is proper. The approximation of such systems is much easier than that of
systems with an improper transfer function [71].

Depending on the topology of the extracted linear subcircuit, we can now
apply one of the model reduction algorithms presented in Sect. 2.3 to the linear
system (2.46)—(2.48). As a result, we obtain a reduced-order model (2.13) which can
be combined with the nonlinear subsystem in order to get a reduced-order nonlinear
model.

According to the block structure of the input and output vectors of the extracted
linear DAE system (2.46)—(2.48), the reduced-order model (2.13) can be written in
the form

2j 2,3 2,3
I
3
ECw D AR CiBy; By Bs; B 351630127 §9 % 5&%&
QVVE 89454 2@4%

VeQ s (o
(2.49)

where 9 D €&, j D 1;:::; ; 5, approximate the corres ondlng components of
the output of (12.465 Taklng ‘into account that —A' y= CR, ~and —JQ = @54,
o

Egs. (2.43) and (2.45) are approximated by
€05/ 209 D —Cs2-; B.§p/ %, D —€stt-; (2.50)

respectively, where ?)9 and Vg are approximations to jgp and vg, respectively.
Furthermore, for j;and y; defined in (2.42) and (2.44), respectively, we have

—.ALlTy—y. D —ATy C Gi'g.AT y/ D —vq £ Gr'gvoly
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Since —. A2 /Ty y; = €8, this equation is approximated by

0D —G1@:8 — G10p Cug.0p/; (2.51)

where ¥ approximates v . Combining (2.45), (2.49), (2.50) and (2.51), we obtain
the reduced-order nonlinear model

Ba/daD Ascha/CBu (2.52)
9Dc0ﬁ
h ir h ir
wherea D &% f; 03 v, ,uD Ty V2TV and
0 8 1 B
F_O.ﬁ/Dgg B/ 0 o; ”’Dg % éog% 6; . (2.53)
40 0 €./ 05 405 40 05
0 0 0 o0 g.vpl 00
2 B
AC B,.G1 C G2/€; B, B 261 b3 -
—@; 00 0 ¢.ooo
0 :
ADg —&; 0 0 0 ;COD ¢oo0o = @
—G1@; 0 0 -G

This model can now be used for further investigations in steady-state analysis,
transient analysis or sensitivity analysis of electrical circuits. Note that the error
bounds for the reduced-order linear subsystem (2.49) presented in Sect. 2.3 can be
used to estimate the error in the output of the reduced-order nonlinear system (2.52)—
(2.54), see [34] for such estimates for a special class of nonlinear circuits.

2.5 Solving Matrix Equations

In this section, we consider numerical algorithms for solving the projected Lya-
punov and Riccati equations developed in [55, 70, 71]. In practice, the numerical
rank of the solutions of these equations is often much smaller than the dimension of
the problem. Then such solutions can be well approximated by low-rank matrices.
Moreover, these low-rank approximations can be determined directly in factored
form. Replacing the Cholesky factors of the Gramians in Algorithms 2.1-2.5
by their low-rank factors reduces significantly the computational complexity and
storage requirements in the balancing-related model reduction methods and makes
these methods very suitable for large-scale circuit equations.
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251 ADI Method for Projected Lyapunov Equations

We focus first on solving the projected Lyapunov equation
EXATCAXE'D —P,BB'PT; XDPX P! (2.55)

using the alternating direction implicit (ADI) method. Such an equation has to be
solved in Algorithms 2.2-2.5. The ADI method has been first proposed for standard
Lyapunov equations [14, 44, 50, 76] and then extended in [70] to projected Lyapunov
equations. The generalized ADI iteration for the projected Lyapunov equation (2.55)
is given by

.E C "\A/Xk—1=2AT C AX¢—1.E — «vA/"TD —P,BBTPT;
[

E C—'kA/XkTAT CAXT E—A/™D _pIBBTp’II' (2.56)
k—1=2
with an initial matrix X¢{D0 and shift parameters "1;::: ; «2C—. Here, ~k

denotes the complex conjugate of ‘. If the pencil hE-A is c-stable, then X
convergestowardsthesolution ofthe projected Lyapunovequation (2.55). Therate
of convergence dependsstronglyonthe choice ofthe shift parameters. The optimal
shift parameters providing the superlinear convergence satisfy the generalized ADI
minimax problem

f ;3 gD arg min max j1—"at/ - 1 —"qt/j
1 q

.....

where Sp;.E; A/ denotes the finite spectrum of the pencil hE — A. If the matrices
E and A satisfy the symmetry condition (2.24), then hE-A has real non-positive
eigenvalues. In this case, the optimal real shift parameters can be determined by the
selection procedure proposed in [78] once the spectral bounds

aD minfhye W hy2 Sp_.E; A/ g; b D maxf hy W hy2 Sp_E; Alg

are available. Here Sp .E; A/ denotes the set of finite eigenvalues of
hE —A with negative real part. In general case, the suboptimal ADI parameters
can be obtained from a set of largest and smallest in modulus approximate finite
eigenvalues of hE-A computed by an Arnoldi procedure [50, 70]. Other parameter
selection techniques developed for standard Lyapunov equations [15, 63, 77] can
also be used for the projected Lyapunov equation (2.55).

A low-rank approximation to the solution of the projected Lyapunov equa-
tion (2.55) can be computed in factored form %= Z,Z] using a low-rank version of
the ADI method (LR-ADI) as presented in Algorithm 2.6.

In order to guarantee for the factors Zx to be real in case of complex shift pa-
rameters, we take these parametersin complex conjugate pairs f's; ‘kc1 D 'kQ.
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Algorithm 2.6 The LR-ADI method for the projected Lyapunov equation
Given E, A2 R"™", B 2 R™™ projector Pjand shift parameters "1; ::: ; ‘g2 C—, compute a low-
rank approximation X = Z,Z to the solution of the projected Lyapunov equation (2.55).

1. zYD p—ZRe.‘ll.EC‘lA/_1P|B, Z:D zV;
2. FOR kD 2;3; :::

S
- . I
T . . . —1 k—1/.
zkp ReW 1—- CcrlECT ANTAZRY,
. k—1 k k
Re. k—a/

Zc D € Zk—1; Z¥]I

END FOR

Then a novel approach for efficient handling of complex shift parameters in the
LR-ADI method developed in [16] can also be extended to the projected Lyapunov
equation (2.55). At each ADI iteration we have ZDGE Z-Y;::: ; Z¥ 12 R To
keep the low-rank structure in Z for large mk, we can compress the columns of Zy
using the rank-revealing QR factorization [18] as described in [9].

Finally, note that the matrices .EC A/~ in Algorithm 2.6 do not have to be
computed explicitly. Instead, we solve linear systems of the forfC.E "WAR Pib
either by computing (sparse) LU factorizations and forward/backward substitutions
or by using iterative Krylov subspace methods [62].

25.2 Newton’s Method for Projected Riccati Equations

We consider now the numerical solution of the projected Riccati equation
EXFTCFXETCEXBBXE'CPB BP'DO; XDP XP] (2.57)

with F, Bcand By as in (2.22). Such an equation has to be solved in Algorithm 2.1.

The minimal solution Xmin 0f (2.57) is at least semi-stabilizing in the sense that all

the finite eigenvalues of hE — F — EXminB" B are in the closed left half-plane.
Consider the spaces

Sp,Df X 2 R™W X D XT; X D PXPTg;
SpDf X2 R™MWX D XT; X D PXPTg:

Since X D P,XPT,, EP;D PiE and FP; D P/F, the Riccati operator given by

R.X/ D EXFTC FXETC EXBIBXE'C RBB'R'
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maps Sp, into Sp,. Then the Freché derivative of R at X 2 Sp, is a linear operator
R Sp, ¥ Sp, defined as
b2

L :
R).N/ D lim ~ R.XCaN/—R.X/
1%01

for N 2 Sp,. Taking into account that N D P,N D NPT, we have
R}.N/ D .F CEXB'B.//NET CEN.F C EXB'B./":
Then Newton’s method for the projected Riccati equation (2.57) can be written as

N; D —.Rg(j/_l.R.Xj//;
Xjc1 D XjC N;j:

The standard formulation of this method is given in Algorithm 2.7.

As in the standard case [41], we can combine the second and third steps
in Algorithm 2.7 and compute the new iterate Xjc1 directly from the projected
Lyapunov equation as presented in Algorithm 2.8.

Algorithm 2.7 Newton’s method for the projected Riccati equation

Given E, F 2 R™ B. 2R™" B, R"™ projectors Py, P; and a stabilizing initial guess Xo,
compute an approximate solution of the projected Riccati equation (2.57).

FORjDO;1;2;:::
1. Compute FjD F CEX;B'B,.
2. Solve the projected Lyapunov equation

FiN;ETC EN;FTD —P,R.Xj/PlT; N;D P,N;P":
J r

3. Compute Xjc1 D Xj; C N;.
END FOR

Algorithm 2.8 The Newton-Kleinman method for the projected Riccati equation

Given E, F 2 R™ B, ZR™" B, R™M projectors Py, P; and a stabilizing initial guess Xo,
compute an approximate solution of the projected Riccati equation (2.57).

FOR jD 1;2;::
1. Compute Kj DEXj 4BTand Fj B CK;B..
2. Solve the projected Lyapunov equation

EX;F' CFX;E' D —P.B,BT —K;K'/PT; X;D PX;P":
j (o] j | r

END FOR
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Although Algorithms 2.7 and 2.8 are equivalent, they behave different in finite
precision arithmetic and there are significant differences in their implementation
especially for large-scale problems.

Similarly to the standard state space case [8, 74], one can show that if hE — F is
c-stable, then for Xo D 0, all hE — Fjare also c-stable and lim XjD Xmin, See [10].

The convergence is quadratic if the pencil hE — F — EX J!B%B is c-stable. Some
min~¢ “Yc

difficulties may occur if the pencil hE —F has eigenvalues on the imaginary axis.

For circuit equations, these eigenvalues are uncontrollable and unobservable [54].

In that case, similarly to [12], one could choose a special stabilizing initial guess

Xo that ensures the convergence of the Newton-Kleinman iteration. However, the

computation of such a guess for large-scale problems remains an open problem.

A low-rank approximation to the minimal solution of the projected Riccati
equation (2.57) can be computed in factored form Xmin =RRTwithR 2 R"™€ k n
using the same approach as in [11]. Starting with KD EXoB'and F1 DF C KiB¢,
we solve in each Newton-Kleinman iteration two projected Lyapunov equations

EXyjF/ C F Xy, jE'D —P B B'PT, X1jD P X1 PT; (2.58)

EX2jF] C F X2jETD —P K K'PT; X2;D P X2 P (2.59)
for the low-rank approximations Xg;j = Rl;jRTLj and Xz;j= Rz;jRTj,z:respectiver,
and then compute Kjc1 D E.R R";—R RT/BTand Fict D F C KjciBe.

If the convergence is observed after jmax iterations, then an approximate solution

Xmin =R R T of the projected Riccati equation (2.57) can be computed in factored
form by solving the projected Lyapunov equation

EXF'C FXETD —P,QQ'P"; X DPXP! (2.60)

with Q B Bo; E.Xuy;jna X2ime/BT ] provided hE F is-c-stable. For computing low-
rank factors of the solutions of the projected Lyapunov equations (2.58)—(2.60), we
can use the generalized LR-ADI method presented in Sect. 2.5.1. Note that in this
method we need to compute the products .E C "Fj/—'w, wherew 2 R" and

EC | D EC .A—BBT7 — KB with the low-rank matrices B 2 R mand
RjD = 2PBM]J;T—K; 2 R™™. One can use the Sherman-Morrison-Woodbury
formula [28, Sect. 2.1.3] to compute these products as

o

.EC F/*wDwiC Mg .In—BcM¢ /™ Bews ;

where w; D .E C *.A—BB'//"'wand Mg D ".E C ".A—BB"//~*K; can be

determined by solving linear systems withthe sparse matrixEC ".A — BB/ either
by computingsparse LU factorization or by using Krylovsubspace methods[62].
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2.6 MATLAB Toolbox PABTEC

In this section, we briefly describe the MATLAB toolbox PABTEC which provides
some functions for analysis, model reduction, simulation and visualization of
circuit equations. PABTEC stays for PAssivity-preserving Balanced Truncation for
Electrical Circuits.

Figure 2.3 shows the main strategy of PABTEC. First, the user has to specify
the electrical circuit under consideration. The input data for the main routine
pabtec.m are incidence matrices describing the topological structure of the cir-
cuit, element matrices for linear circuit components, element relations for nonlinear
circuit components and some parameters that can be initialized and verified in the
routine inipar.m.

Once the circuit is specified, it can be analyzed with the PABTEC routine
sysana .m Which delivers the information on the topology structure of the circuit,
well-posedness and index. If the circuit contains nonlinear elements, it will be
decoupled into linear and nonlinear parts as described in Sect. 2.4. Model reduction
of the linear (sub)circuit is implemented in the routine pabtecl .m. Linear circuits
that contain neither inductors nor capacitors and circuits without resistors cannot
be reduced with PABTEC. For model reduction of large resistive network, one

[Er,Ar,Br,Cr, ... ] = PABTEC(incidence matrices, element matrices, parameters, ... )
nonlinear
inear decoupling of linear subcircuits |

[ErLAr.BrI.Crl, ... | = PABTECL(EA.B.C, ... )

(no dynamics) nolLandC Topology no R (not reducible)
7
no CVI-loops

Lyapunov Riccati

Y

| Preprocessing (Projectors) ‘ |Preprocessing (Projectors)

Solving Lyapunov equations
(ADI method)

(Newton method) (Newton method)

‘ Model reduction Model reduction

‘ Postprocessing ‘

Postprocessing

Postprocessing

Solving Riccati equations I Solving Lur'e equations ‘

| Model reduction

linear recoupling of the subcircuits |

Fig. 2.3 MATLAB toolbox PABTEC
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can use a graph-based algorithm presented in [60], which is not yet included in
PABTEC. For other network structures, an appropriate model reduction method will
be chosen automatically. RC and RL circuits are reduced by the Lyapunov-based
balanced truncation algorithms presented in Sect. 2.3.2, while for model reduction
of general RLC circuit, Algorithm 2.1 is applied. If the circuit does not contain
CVI-loops and LIV-cutsets, then the Gramian in this algorithm is determined by
solving the projected Riccati equation (2.57). Otherwise, we have to solve the
projected Lur’e equation (2.15). Independent of the topological structure of the
circuit, the model reduction algorithms include the following steps: preprocessing,
solving matrix equations, model reduction and postprocessing. In the preprocessing
step, the basis matrices required in the projector Pror P are computed using graph-
theoretical algorithms. If necessary, also the auxiliary matrices Hyx and the matrix
Mo are computed. The projected Lyapunov equations are solved by the LR-ADI
method described in Sect. 2.5.1, while the projected Riccati equation is solved by
the Newton or Newton-Kleinman method presented in Sect. 2.5.2. The numerical
methods for large-scale projected Lur’e equations proposed in [53] will be included
in a future release of PABTEC. Note that the matrix equation solvers in PABTEC
can be seen as extension of the corresponding functions in the MATLAB toolbox
LyaPACK![51] and its successor MESS.? Postprocessing involves the computation
of error bounds and reduced-order initial vectors required for simulation.

The last step in PABTEC is combination of the reduced-order linear model with
unchanged nonlinear part. PABTEC includes also the routines simorih.m and
simredh.mfor simulation of the original and reduced-order models, respectively.

PABTEC provides the following routines:

« main routines listed in Table 2.1, which can be called by the user in the main
program;

« supplementary routines listed in Table 2.2, which are used in the main routines;

« auxiliary routines listed in Table 2.3 which are used in the main and supplemen-
tary routines;

« user supplied routines listed in Table 2.4, which provide the information on the
circuit.

The MATLAB toolbox PABTEC can be used by a line command or via a graphical
user interface (GUI). PABTEC-GUI contains four tab panels shown in Figs. 2.4 and
2.5 that enable the user to upload the circuit, set up all required parameters, perform
model reduction, simulate the original and reduced-order systems and save these
systems and simulation data.

Ihttp://www.netlib.org/lyapack/.
2https://www.mpi-magdeburg.mpg.de/projects/mess
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Table 2.1 Main subroutines in PABTEC

Subroutines | Description

System analysis and parameter initialization

inipar

Initialization of the parameters for other main subroutines

sysana

Analyzing the topological structure, well-posedness, index of the MNA
system

Model order reduction

pabtec

Model reduction of nonlinear circuit equations via decoupling linear and
nonlinear parts and reduction the linear subsystem, see Sect. 2.4

pabtecl Model reduction of linear circuit equations using the
passivity-preserving balanced truncation methods presented in Sect. 2.3

pabtecgui Graphical user interface for PABTEC

Simulation

simorih Simulation of the original nonlinear system using the BDF method with
h-scaling of the algebraic equations

simredh Simulation of the reduced-order nonlinear system using the BDF
method with h-scaling of the algebraic equations

Visualization

plotgraph Plot a circuit graph

Table 2.2 Supplementary subroutines in PABTEC

Subroutines

Description

Model reduction

bt rcl Balanced truncation for RLC circuits, see Algorithm 2.1
bt rci Balanced truncation for RCI circuits, see Algorithm 2.2
bt rcv Balanced truncation for RCV circuits, see Algorithm 2.3
bt rciv Balanced truncation for RCIV circuits, see Algorithm 2.4
bt rcvi Balanced truncation for RCIV circuits, see Algorithm 2.5
bt rli Balanced truncation for RLI circuits

bt rlv Balanced truncation for RLV circuits

bt rliv Balanced truncation for RLIV circuits

bt rlvi Balanced truncation for RLIV circuits

Lyapunov equations

glradi

LR-ADI method for the projected Lyapunov equation, see Algorithm 2.6

glradis LR-ADI method for the projected symmetric Lyapunov equation
gpar Computing the suboptimal ADIparameters
gparsym Computing the suboptimal ADI parameters for symmetric problem

gpar wach

Computing the optimal ADI shift parameters for symmetric problem

Riccati equations

glrnw Low-rank Newton method for the projected Riccati equation, see
Algorithm 2.7
glrnwkl Low-rank Newton-Kleinman method for the projected Riccati equation,

see Algorithm 2.8




74

A. Steinbrecher and T. Stykel

Table 2.3 Auxiliary subroutines in PABTEC

Subroutines

| Description

Graph-theoretical algorithms

fastlists Forming a node-branch-list from an incidence matrix
forest Computing a forest in the graph
inc_bas Computing the basis matrices for the left null and range spaces

of an incidence matrix

inc rank

Computing the rank of an incidence matrix

loopmatr

Computing a reduced loop matrix from a reduced incidence matrix

Numerical linear algebra

garn Arnoldi method for computing the largest and smallest finite
eigenvalues of a pencil

garnsym Arnoldi method for computing the largest and smallest finite
eigenvalues of a symmetric pencil

nresl Computing the residual norms for the projected Lyapunov equation
using updated QR factorizations

nresr Computing the residual norm for the projected Riccati equation using
QR factorization

prodinvsym Computing the matrix-vector product E—v, where E™ is a reflexive
inverse of symmetric E w.r.t. to a projector P

prodp Computing the matrix-vector product E™v, where E™ is a reflexive
inverse of E w.r.t. to the projectors Prand Py

prodpsym Computing the projector-vector product Pv

prodpl Computing the projector-vector product Pyv or P v

prodpr Computing the projector-vector product Prv or P] v

Miscellaneous

hmatr Computing the matrices Hy required for the projectors Pyand P,
incmat Determination of the incidence matrices

ininet Initialization of the network topology

matr2ascii Export the matrix in ASCII-format

mOm Computing the matrix Moas in (2.40)

mnadae Construction of E; A; B from incidence and element matrices

Table 2.4 User supplied subroutines for PABTEC

Subroutines

Description

netlist Incidence and element matrices for linear circuit components
PCN Matrix valued function for nonlinear capacitors

PLN Matrix valued function for nonlinear inductors

gN Nonlinear current-voltage relation for nonlinear resistors

uv Voltages of voltage sources

il

Currents of current sources
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Fig. 2.4 PABTEC-GUI: general panel

2.7 Numerical Examples

In this section, we present some results of numerical experiments to demonstrate
the properties of the presented model reduction methods for linear and nonlinear
circuits. The computations were done on IBM RS 6000 44P Model 270 with
machine precision " D 2:22 ~ 10— using MATLAB 7.0.4.
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Fig. 2.5 PABTEC-GUI: simulation panel

Example 2.7.1 The first example is a transmission line model from [7] consisting of
a scalable number of RLC ladders. We have a single-input-single-output reciprocal
passive DAE system (2.9), (2.10) of order n D 60; 000. The minimal solution
of the projected Riccati equation (2.21) was approximated by a low-rank matrix
Xmin = RR" with ® 2 R™% using Newton’s method as presented in Algorithm 2.7.
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Fig. 2.6 Transmission line: the frequency responses of the original system and the reduced-order
models computed by the PABTEC, PRIMA and SPRIM methods

The original system was approximated by a reduced model of order n D 16
using Algorithm 2.1 with the error bound , D 2:72 - 10—, where

2
kIC@kHl'JClC---ch/ ; |’D15:
1—Kkl C@kHl.‘r(uCZZZC‘q/

<

For comparison, we have also computed the reduced models of order iy 117 using
the PRIMA and SPRIM algorithms [26, 48]. This order was chosen as a smallest
integer such that the absolute error j@.j!/—G.j!/J for the SPRIM model is
below, on the frequency interval 10—°; 10°]. In Fig. 2.6, we display the magnitude
of the frequency responses G.j!/ and &.j1/ of the original and reduced-order
models. Figure 2.7 shows the absolute errors @ .j¥/ —G. j1/ and also the error
bound , . One can see that PABTEC provides a much smaller system with keeping
the better global approximation properties. It should also be noted that the result
for SPRIM is presented here for the best choice of the expansion point that was
found after several runs of this algorithm. Taking this into account, the reduction
time for the PABTEC method becomes comparable to the actual reduction time for
SPRIM. G

Example 2.7.2 Next we consider a nonlinear circuit shown in Fig. 2.8. It contains
1501 linear capacitors, 1500 linear resistors, 1 voltage source and 1 diode. Such
a circuit is described by the DAE system (2.2), (2.3) of the state space dimension
n D503. We simulate this system on the time interval | [0 s; 0:07 s] with a fixed
stepsize 10—°s using the BDF method of order 2. The voltage source is given by
vy.t/ D 10sin.1001t/*V, see Fig. 2.9. The linear resistors have the same resistance
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Fig. 2.7 Transmission line: the absolute errors and the error bound (2.20)
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Fig. 2.8 Nonlinear RC circuit

Input: voltage source
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Fig. 2.9 Voltage source for the RC circuit

R D 2 kK, the linear capacitors have the same capacitance C D 0:02 F and the
diode has a characteristic curve g.y o/ D 10~**.exp.40 'y o/ — 1/ A.

The diode was replaced by an equivalent linear circuit as described in Sect. 2.4.
The resulting linear system of order n- D 1504 was approximated by a reduced
model of order ny D r C ro, where ro D rank.] — Mo/ and r satisfies the condition
.rc1tC i C ¢/ < tol with a prescribed tolerance tol. For comparison, we
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Fig. 2.10 Outputs of the original and the reduced-order nonlinear systems and the errors in the
output for the different tolerances (a) 10—, (b) 102, (c) 10—, (d) 10—

compute the reduced-order linear models for the different tolerances t@ 102,
10—3;10—*;10—°. The numerical resultsare given in Fig. 2.10. In the upper plot of
each subfigure, we present the computed outputs Y/ 4, .t/ and Y.t/ of the
originalandreduced-ordernonlinear systems, respectively, whereasthelower plot
shows the errorjly.t/— y.t/j.

Table 2.5 demonstrates the efficiency of the proposed model reduction method.
One can see that for the decreasing tolerance, the dimension of the reduced-order
system increases while the error in the output decreases. The speedup is defined as
the simulation time for the original system divided by the simulation time for the
reduced-order model. For example, a speedup of 219 in simulation of the reduced-
order nonlinear model of dimension & D 13 with the error k§ — yki, .y D 6:2- 1077
was achieved compared to the simulation of the original system. G

Example 2.7.3 We consider now the nonlinear circuit shown in Fig. 2.11. It contains
1000 repetitions of subcircuits consisting of one inductor, two capacitors and two
resistors. Furthermore, at the beginning and at the end of the chain, we have
a voltage source with vy.t/ D sin.100it/*°V as in Fig. 2.12 and an additional
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Table 2.5 Statistics for the RC circuit

Dimension of the original nonlinear system, n 1503 1503 1503 1503
Simulation time for the original system, tsim 24,012s |24,012s |24,012s 24,012 s
Tolerance for model reduction of the linear le-02 1e-03 le-04 1le-05
subsystem, tol

Time for model reduction, tmor 15s 24s 42s 61s
Dimension of the reduced nonlinear system, f 10 13 16 19
Simulation time for the reduced system, &im 82s 110s 122s 1555
Error in the output, k§ — yki,.1/ 7.0e-06 |6.2e-07 |2.0e-07 |4.2e-07
Speedup, tsim=tsim 294.0 219.0 197.4 155.0

Fig. 2.11 Nonlinear RLC circuit

Input: voltage source

ol || \ \ |
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0 OOOSMOOl 0015k002 0025\003 0035\004/0045 0.05

———

Fig. 2.12 Voltage source for RLC circuit

linear inductor, respectively. In the 1st, 101st, 201st, etc., subcircuits, a linear
resistor is replaced by a diode, and in the 100th, 200th, 300th, etc., subcircuits,
alinear inductorisreplaced byanonlinear inductor. Theresulting nonlinear circuit
contains one voltage source, 1990 linear resistors with R1 D 20 Kand R2 D 1K,
991 linear inductors with L D 0:01 H, 2000 linear capacitors with C D 1 LF,

ten diodes with @.vp/ D 10~24.exp.40 Ly o/ — 1/A, and ten nonlinear inductors
with

g. J&/ D Lmin C .Lmax —_ Lmin/exp.—jzb_scll;
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Fig. 2.13 The outputs of the original and the reduced-order nonlinear systems and the errors in
the output for the different tolerances (a) 102, (b) 102, (c) 10—, (d) 10—°

where Lmin D 0:001 H, Lmax D 0:002 H and Ls D 10* 1K The state space dimension
of the resulting DAE system is n D 4003.

Thenumerical simulation is done onthe time interval | D (E0s; 0:05s] usingthe
BDF method of order 2 with a fixed stepsize of length 5 - 10— °s. In Fig. 2.13, we
again present the outputs y.tDjy-.t/ and y.t of the original and reduced-order
nonlinear systems, respectively, as well as the errjér y4 y.t/jfor the different
tolerancestol @02, 103, 10—*, 10—>for model reduction of the decoupled linear
subcircuit. Table 2.6 demonstrates the efficiency of the model reduction method.
As in the example above, also here one can see that if the tolerance decreases,
the dimension of the reduced-order system increases while the error in the output
becomes smaller. In particular, for the approximate nonlinear model of dimension
f 0189 with the error jj) -y ji y 400 10", the simulation time is only 57 s
instead of 1h and 13 min for the original system that implies a speedup of 76.8.

Other results of numerical experiments with PABTEC can be found in Chaps. 1, 4
and 5 in this book.

G
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Table 2.6 Statistics for the RLC circuit

Dimension of the original nonlinear system, n 4003 4003 4003 4003
Simulation time for the original system tsim 4390s | 4390s [4390s |4390s
Tolerance for model reduction of the linear le-02 1e-03 le-04 le-05
subsystem, tol

Time for the model reduction, tmor 2574 s 2598s 26555 2668s
Dimension of the reduced nonlinear system, f 127 152 189 218
Simulation time for the reduced system, &im 33s 42s 57s 74s
Error in the output, k§ — yk,.1/ 2.73e-03 | 1.67e-04 | 4.10e-05 | 4.09e-05
Speedup, tsim=%im 132.0 104.1 76.8 59.1
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Chapter 3
Reduced Representation of Power GridModels

Peter Benner and AndréSchneider

Abstract We discuss the reduction of large-scale circuit equations with many
terminals. Usual model order reduction (MOR) methods assume a small number
of inputs and outputs. This is no longer the case, e.g., for the power supply network
for the functional circuit elements on a chip. Here, the order of inputs/outputs,
or terminals, is often of the same order as the number of equations. In order
to apply classical MOR techniques to these power grids, it is therefore manda-
tory to first perform a terminal reduction. In this survey, we discuss several
techniques suggested for this task, and develop an efficient numerical imple-
mentation of the extended SVD MOR approach for large-scale problems. For
the latter, we suggest to use a truncated SVD computed either by the implic-
itly restarted Arnoldi method or the Jacobi-Davidson algorithm. We analyze
this approach regarding stability, passivity, and reciprocity preservation, derive
error bounds, and discuss issues arising in the numerical implementation of this
method.

31 Introduction

As already discussed and motivated in the previous chapters, it is indisputable
that model order reduction (MOR) in circuit simulation is absolutely necessary.
This chapter treats the reduction of linear subcircuits. MOR of these (parasitic)
subsystems is part of the research focus since decades. A lot of approaches
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are available (see, e.g., Chap. 2 or [11, 47]), but recently a structural change
handicaps the explored algorithms, even makes them inapplicable in some cases.
The established approaches assume a relatively small number of input and output
connections of these parasitic systems, which is no longer true for some situations
nowadays. In these cases, a simulation of the full unreduced model might be
much faster than the model reduction step itself such that MOR is not reasonable
anymore.

It becomes increasingly important also to model the power supply of the
electronic devices such that a significant class of applications in circuit simula-
tion, which violates the assumption above, are power grid networks. In modern
multi-layer integrated circuits (ICs) these power grids are own layers, which are
responsible for the power supply of functional circuit elements, e.g., transistors.
As a consequence, there is a need for high connectivity, which leads to math-
ematical models with a lot of inputs and outputs, i.e., one I/O-terminal (also
called pin) for each supplied element. The development of new MOR methods
being applicable to such challenging LTI systems is subject matter of this chap-
ter.

Our goal is therefore to find a concept to compress the input/output matrices
in such a way that we get a terminal reduced system with similar behavior. This
system realization enables then the use of classical MOR methods as described,
e.g., in the previous chapter. Fundamentally, there are two popular types of MOR
methods: either we use modal based methods and Krylov subspace (KROM)
methods [2, 10, 11, 15, 19, 39] or Hankel norm approximations and balanced
truncation (BT) methods [2, 9-11, 38]. No matter which MOR method we use,
with the help of the approach to first reduce the terminals and then to reduce the
order of the system, it is possible to apply the original 1/0O-data to a reduced-
order model. The detailed procedure is described in this chapter. We illustrate
numerical results obtained for the performance of this approach using exam-
ples.

In Sect. 3.2 we lay the foundations for the approach. We introduce basic defini-
tions and explain the mathematical systems appearing in this chapter. We highlight
different notations and special emphasis is given to the concept of the moments
of the transfer function of a system. Additionally, the numerical examples, which
play a role throughout the whole chapter, are introduced. In Sect. 3.3 we attend
to different approaches tackling MOR of linear systems with a lot of terminals.
In [17], a modified conjugate gradient algorithm is suggested to analyze power
grids. Also [16, 27] propose rather theoretical ideas, especially in [16] a method
for terminal compression is introduced, called SVDMOR, and is the starting point
of our work. In [33], an extended version, the ESVDMOR approach, is published,
which we explain in detail. Additionally, we analyze the very similar algorithm
TermMerg [32], which compresses the terminals by merging them together in a
special manner. We also comment on two approaches based on very different ideas.
The first approach, SparseRC [25, 26], is based on considering the network as a
graph. This opens the door to graph theoretical ideas, such as partitioning and
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node elimination, which leads to a MOR of the system. The second approach is
based on interpolation of measurements [3, 29]. With the help of the Loewner
matrix concept we show how to obtain the minimal realization of a reduced
model.

As our focus is on ESVDMOR, Sect. 3.4 deals with the characteristics of this
approach. Essential properties of the original system, such as stability, passivity, and
reciprocity should not be destroyed during the reduction process. The preservation
of these properties is an important task in circuit simulation. We introduce basic
definitions and prove that the ESVDMOR approach is stability, passivity, and
reciprocity preserving under certain conditions following [7]. Also, the analysis of
the approximation error derived in [8] is reviewed. We also point out the numerical
bottlenecks and explain how to avoid them. Here, the truncated singular value
decomposition (SVD) plays an important role. We will basically introduce two
approaches to perform a truncated SVD efficiently, building upon [6]. In Sect. 3.5,
we conclude this chapter by assessing the theoretical results and the numerical
experiments. We give an outlook to problems of interest for future research in the
area of MOR for power grids.

3.2 System Description

3.21 Basic Definitions

Modeling in the area of circuit simulation, and also in areas such as mechanical,
physical, biological and chemical applications, often leads to linear time-invariant
(LTI) continuous-time systems of the form

ER.t/ D Ax.t/ C Bu.t/; Ex.0/ D Exg; 3.1)
y.t/ D Cx.t/ C Du.t/: '

With reference to circuit simulation we have the following definitions:

+ A2 R"™"is the resistance matrix,

+ E 2 R™"is the conductance matrix,

* B 2 R"™Mis the inputmatrix,

+ C 2 RP"is the output matrix, and

+ D 2 RPMis the feed-through term, which in many practical applications is equal
to zero.

Furthermore,

+ x.t/2R"containsinternal state variables, e.g., currentsor voltages,
« u.t/2 RMisthe vector of input variables, and
* y.t/ 2 RPisthe output vector.
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To ensure a unique solution we also need the initial value xo2 R". The number
of state variables n is also called the order of the system. The number of inputs m
and the number of outputs p are not necessarily equal. Unless otherwise noted, we
assume the matrix pencil .hE — A/ to be regular, i.e., det.hE — A/ & 0 for at least
one h €. The matrix E is allowed to be singular. In this case, the system (3.1)
consists of a differential-algebraic equation (DAE) in semi-explicit form combined
with an output term. Together, the equations in (3.1) form a descriptor system. In
this chapter, we will use the notation explained above, but other notations are also
commonly found in the literature, e.g.,

CR.t/ D —Gx.t/ C Bu.t/; Cx.0/ D Cxo;

y.t/ D Lx.t/ C Eu.t/: (3.2)

Applying the Laplace transform to (3.1) leads to

.SER.s/ — Ex.0// D AgR.s/ C BQ.s/;
g.s/ D Cg.s/ C DQ.s/:

After rearranging the DAE and using the initial condition Ex.0/ D Exo, we get

.SE — A/R.s/ D Exo C BQ.s/; or
2.5/ D .sSE — A/~Exo C .sSE — A/'B(.5/;
which we plug into the output term. Assuming Exo D 0, this term leads to agdirect
linear input-output mapping in frequency domain, §.s/ D C.sE —A/—'BCD (.s/:

Definition 3.2.1 (The Transfer Function) The rational matrix-valued function
G.s/ D C.sE—A/~'B CD; (3.3)

with s 2 C is called the transfer function of the continuous-time descriptor
system (3.1). If sD i!, then ! 2 R is called the (radial) frequency.

Note that, for simplicity, we denof@ y.sf y.s/ andQx.s/~ x.s/. The distinction
between the variables x.t/ and x.s/ should be clear from the context and the differing
arguments (t indicating time, s frequency domain). Using the notation (3.2), the
transfer function is sometimes described by

H.s/DL.sCCG/'BCE:
Modified nodal analysis (MNA) modeling of current driven (impedance form)

RLC power grid circuits, i.e. the inputs are currents from current sources injected
into the external nodes or terminals of the circuit, leads to systems with the following
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block structure [20]:

5 - - -
E1 0 AL A By
OEZRD _A|OXC Ou,
(3.4)
2 2
yD B0 X

where Ai, Ei1, E; are symmetric, A1 is negative semidefinite, E; is positive
semidefinite, E>is positive definite, and B is an incidence matrix defining
the terminals. The impedance modeling of RC circuits (i.e., in the absence of
inductances) yields systems of DAE index 1 consisting of the upper left blocks
of (3.4). If a system is voltage driven (admittance form), i.e., the inputs are
terminal voltages provided by voltage sources and the outputs are terminal currents,
it is possible to rewrite the system in impedance form [25]. Please note that
RLC circuits of the form above are always passive. More details about this
characteristic, about the system structure of MNA modeled RLC circuits, and about
projection type reduction techniques for such current and voltage driven circuits
are available, e.g., in [22]. The corresponding transfer function of system (3.4) is

G.s/ DBT.sE—A/!B: (3.5)

So far, MOR methods, i.e., the approximation of the system’s transfer
function (3.3), concentrate on reducing the order n of the system to a
smaller order n. Under the assumption that the dimensions of the input and
output vectors are much smaller than the order of the system itself, ie.,

mp N (3.6)

the important information is identified within the reduced model. Only the states
containing this input-output information are preserved. A schematic overview of
this conventional MOR approach is given in Fig. 3.1.

For the moment, we assume the reduced-order system &;.s/ to have a fixed order
nr. The goal is to find &;.s/ = G.s/ such that kG.: / — &.: /kx in minimized in
some appropriate norri-k This will yield a small output errdc y.: +40: kx in
frequency domain, and, ideally, after applying the inverse Laplace transform, also
in time domain. The smaller ny, the larger is the error, such that it is an additional
challengetofindthesmallest possible n.foragiventolerance.

As already mentioned in Sect. 3.1, the assumption (3.6) is often violated due to
new tasks in applications. The circuit simulation of power grids as part of an IC is
one of the most common examples for these kinds of systems. Before we present
different methods to handle MOR including, at least transitional, terminal reduction,
we need a few more basic definitions.
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x(t) + u(t);

Fig. 3.1 Schematic overview of conventional MOR

Definition 3.2.2 (The i-th Block Moment) We define the matrix m‘i’ 2 CP—Mas

3
émgl;l m?l;z e mo?l;m
Moy mPoo (i Mizm 7
o P21 mP2;2 ,
m Dﬁ co 7 %C.A‘lE/'.—A/_lB; iDO0;1;:::

0 o :mimY
m; p;l m; p;2 ip;m

as the i-th block moment of (3.3).

The matrices m are equal to the coefficients of the Taylor series expansion of (3.3)
about sop D 0,
1

xX _
G.s/yDC.SE—A/'BDC.I,C.s—0/K /'L D —1/CcK 'L .s—0/"
iDO

with K WD .—A/~'E and L. WD .—A/~!B.
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Definition 3.2.3 (The i-th sp Frequency-Shifted Block Moment) We define the
matrix m;°2 CP—™Mas
So 3
m sf Lm
m* D gmisoz;l me,, m om I DC.—SsE—A/'EffSE—A/'B; iDO0;1;:::
; ) : 0 0
g . oot g
s6 sorm®
m; p;1 m; p;2 i pm

So So
2 i1 My 12 m

as the i-th so frequency-shifted block moment of (3.3).

The matrices m* are equal to the coefficients of the Taylor series expansion of (3.3)
about sp =0

G.s/DC.sSE—A/"'BD C.I,C .s—so/K /1L (3.7)
D .—1/'CK'L.s—s/" (3.8)
iDO

with K WDsoE -A/—1E and L WDsoE -A/—!B.

The known moment matching methods [20, 21] make use of the fact that for
s sp, the leading moments carry sufficient information about the dynamics of the
system to approximate its input-output behavior. A detailed inspection of the block

frequency-shifted) block moments, contains information how the output terminal j
is influenced by all inputs. Analogously, the k-th column of m®, KOL; ::: ; m,
provides information about the impact of the input signal at terminal k to all outputs.
Inspired by this observation, we define two moment matrices formed by n different
matricesm?.

Definition 3.2.4 (The Input Response Moment Matrix M;) The matrix M, 2
C"—Mcomposed of n different block moment matrices m;

2 2
MiD “mo"my T mT T (3.9)

is called the input response moment matrix M, of order n of (3.3).

Definition 3.2.5 (The Output Response Moment Matrix Mo) The matrix Mo 2
C"™—P composed of n different block moment matrices m;

Mo D tmo; me;:::;mn_i]” (3.10)

is called the output response moment matrix Mo of order n of (3.3).
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Remapkof RnTde shRicA O Medo M M: adibirving wsthgh/e s, m” .(Pfe

alculatlon of the moments requires computational effort of iterative character In
addition, lower order moments often contain basic information and the computation
of higher order moments might be numerically unstable. Therefore, it is recom-
mended to use all moments m; up to a certain order n. Frequency shifted block

moments m: are even more expensive to compute. Consequently, making use of
them is only recommended if a certain frequency is of special interest or there
is a large approximation error at this frequency. The order n of M;and Mo does
not need to be equal, but since the information resulting from the most expensive
computational steps can be shared, it is obviously beneficial to use the same n. In
the symmetric case, only the computation of one of the response moment matrices
is necessary. For more information. please see Sect. 3.4.3.

322 Benchmark Systems

In the following, we introduce two examples which accompany this chapter. If
numerical experiments and results are shown they are with reference to one of the
following systems.

3.2.2.1 A Test Circuit Example

The first numerical example was provided by the former Qimonda AG, Munich,
Germany. It is a very simple parasitic RC test circuit called RC549, which is a linear
subcircuit of a much larger nonlinear circuit. The model consists of one hundred and
forty-one nodes, such that we get D141 generalized states in the corresponding
descriptor system equations. Nearly half of these nodes, more precisely 49:65%, are
terminals. As these terminals are the interconnects to the full circuit, it follows that
mD pD 70.

Circuit RC549 is a very useful test example because although half of the states
are terminals, computations do not need a long time, such that a lot of tests can be
performed in short time. Therefore, this test example was investigated beforehand
also in [6, 7, 30].

3.2.2.2 Linear Subdomain for Non-linear Electro-Quasistatic Field
Simulations

This example shows that the introduced methods are also applicable to problems
which are not results of circuit simulation modeling. It also shows that the
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algorithms are applicable to large-scale systems. The simulation of high voltage
models often includes nonlinear field grading materials, typically as thin layers.
They allow higher voltage levels for the modeled devices. These materials have
a highly nonlinear conductivity, leading to nonlinear resistive effects. A common
way to describe such models is the electro-quasistatic (EQS) approximation. A
standard finite element method (FEM) discretization results in a stiff system of
ordinary differential equations (ODEs). To avoid the evaluation of all system
equations during the integration, MOR is applied to a subdomain, e.g., proper
orthogonal decomposition (POD), see [42]. Since most of the domain has con-
stant material parameters (nonlinear field grading materials are used as thin layers),
the decoupling of the system in a large linear part (upper left block) and a
small conductive part (lower right block) including nonlinearities, such that
z oY oY
M1t M1 Re.t/ Kii Kiz X1t/ D bi.t/ .
Mot M2 Ry.t/ KuKz  xo.tf bt/

is possible. For details, see [42]. The matrices M and K denote the discrete div-
grad operators with respect to permittivity and conductivity. The state vector x.t/
contains the nodes potentials. The wvector b.t/ contains boundary condi- tion
information, but only the components of b.t/ with real input are nonzero. Therefor,
b.t/ can be seen as the vector of inputs mapped to the system by

an incidence matrix, such that b.t/ D Bu.t/, resulting in the system equa-
tions

> > > 2 2 3
Mt My Rp.t/ c Kii K2 xg.t/ D Bl ui.t/ .
M1 Mo, Ro.t/ Kz Koo X2.t/ BZ u.t/

Having a look at the second row, we get

MaaRo.t/ C KoaxXo.t/ D Bou.t/ — MagRe .t/ — Kaix1.t/; (3.11)
which represents only the linear part, input information u and intercon-
nect information to the conductive subdomain variables Ri.t/ and xi.t/. A

reformulation of this equation leads to a system equivalent to system (3.1),
i.e.,

2 3
u.t/
M2, Ro.t/ D —Ky x2.t/ C ZQT-KH ‘-'M'ZTZ 4X1.t/5 : (3.12)
”f’--- ”fs--- ” ‘f, Rl.t/

W
IDE IDA DB

W.l.0.g., we assume C D BT. The system, called egs_lin in this work, is of order
n D 14;261 with m D p D 2943 terminals (20:6%).
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3.3 Terminal Reduction Approaches

In this section we will provide an overview about some existing methods which
tackle the problem of MOR for systems with a high number of terminals
(inputs/outputs). In general, we assume that the original system has too many
input and/or output terminals to use conventional MOR approaches, so that the
extra step of terminal reduction is necessary.

331 (E)SVDMOR

Having a closer look at (3.1), we recognize that the matrices C and B carry the
input and output information. Trying to approximate (3.3) considering that (3.6) is
violated motivates the idea to modify these input/output matrices. For this purpose,
we try to find a projection of the .—-p m/-transfer function G.s/ onto a .re ri/-
transfer function Gy.s/ such that ro p and ri m. To achieve this, we look for a
decomposition of the transfer functionsuch that

: 2
B.s/ = V¢ WTCC.SE —A/BVs WTB (3.13)

IDGr.s/

with Vc; We 2 RP—" and Vg; W 2 R™ i, Of course, the projector properties
WLVe D I, and W™V D I; should hold. The so-obtained internal transfer
function G.s/ can be interpreted as a transfer function of a dynamical system with
fewer virtual input and output terminals. This system can be further reduced with
any method for model reduction of linear descriptor systems. Again, a schematic
overview of this approach is shown in Fig. 3.2.

In what follows, we try to make use of the intimate correlations between the
input and the output terminals. ESVDMOR [32, 33, 35, 47], an extended version
of SVDMOR [16, 47], is a method which is based on the SVD of the input
and the output response moment matrices M; and Mo, see Definitions 3.2.4 and
3.2.5. Note that we assume the number of rows in each of both matrices to be
larger than the number of columns. If this is not the case, the order n has to be
increased.

Applying the SVD, we get a low rank approximation of the form

MiDU, " |V|)< = U|ri - |riV|):i; MoD Up -~ oVS = Uoro - o,OV())(rO; (3.14)

where

« for any matrix Z, Z* is its conjugate transpose—in case s©0, the SVD is real
and we can work with just the transpose Z', but for complex so, the moment
matrices are in general complex, too;
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. H0) = . o) .wm. w(i- ..,m

Terminal Reduction
Find projection matrices

l € B™*™ and . € R#* o,

Ty T <€ 1ML D,

. i) = . v(t)+ .l-w(i;: )= .-..,m

Model Order Reduction

Find projection matrices

I € B and I S U

r<EIN.

Fig. 3.2 Schematic overview of terminal and model order reduction

* Ty isanri~ridiagonal matrix and ~ o, is an ro ~ ro diagonal matrix;

* Vi, and Vo, are m rrand p rotsometries (i.e., matrices having orthog-
onal/unitary columns) containing the dominant row subspaces of M; and Mo,
respectively;

* Uj,and Uoarenp ~tiand nm o isometries that are not used any further,

* riand rp are in each case the numbers of significant singular values. At the same
time they are the numbers of the reduced virtual input and output terminals.

For ease of notation, we furthermore assume that a real expansion point so was
chosen, so that the SVDs (3.14) are real and we can work with transposes in the
following.

The important information about the input and output correlations is now
contained in VlTr, and Vgro . Our goal is to decompose C and B. Combining this
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information leads to
C=Vo, Crand B=BV]: (3.15)

The matrices Cr 2 R and B, 2 R""iare consequences of applying the
Moore-Penrose pseudoinverse of Vo, and V.T,, to C and B, respectively. The Moore-

Penrose pseudoinverse is denoted by . /©. Equation (3.15), solved for Crand Brand
modified by the definition of the Moore-Penrose pseudoinverse, leads to

C T T
C:D Vof D.V o, Vo VT, CD vomc (3.16)
and
. c'C
BrDBV, DBV,.V'Vi /7'DBV: (3.17)

Hence, we get a new internal transfer function Gy.s/

G.s/ = B.s/ D Vo, CL.sE—A'B/V';

Ir;

L] L —

IDGr.s/

which is equivalent to (3.13). The terminal reduced transfer function Gr.s/ is
reduced to

Gr.S/ = @r.S/ D @r.SE —A/_lgr (318)

by any conventional MOR method. The result is a very compact terminal and order
reduced model &..s/. The complete approximation procedure is

G.s/ = B.s/ D Vo, Gr.s/VIi = Br.s/ D Vo, &r.s/V/ : (3.19)

Remark 3.3.1 SVDMOR can be considered as a special case of ESVDMOR
setting (3.9) and (3.10) up with nDL and m°, Furthermore, in [16] a recursive
decomposition of the matrix-transfer function and an application of SVDMOR to
each block, the so called RecMOR approach, is suggested.

Figures 3.3, 3.4, 3.5 and 3.6 show the reduction of RC549 to 5 generalized states
via one virtual terminal by ESVDMOR. The reduction step in (3.18) is performed
by balanced truncation, in particular, using the implementation called “generalized
square root method” [38]. In Fig. 3.3 it is clearlyidentlflable that one singular value
of Mi D m% and therefore also of Mo D m°O , dominates. Consequently, the
system can be reduced to one virtual terminal. The calculation of frequency-shifted
or higher order moments is more costly and in this example not necessary. For
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Singular value decay of M| = m%pf RC549,

red singular values neglected.
1016 T T T T T T T T T T T T T

oFull matrices (svd)

1013 | -

0
0

1010 |- i

107 |- 8

oi(Mh), with M,

o]
90000000000000300000
Q0000000000000
10! |- ©000000000000000466000000000000

000

10_2 1 1 1 1 1 1 1 1 1 1 1 1 1
o 5 10 15 20 25 30 35 40 45 50 55 60 65 70

Index i of o

Fig. 3.3 Singular value decay of RC549, M, D m°o one virtual terminal

Transfer function matrix of RC549 reduced via one virtual terminal.

- — = = Original system, n = 141
1016 |- S —— Reduced system, n = 5
o — — _\
= \\
% 1013 |- \\ i
5 \\
3 N
§ 1010 | N !
=
= \\
3 107 | \\ i
o ~N
& N
= \\
g 10t | ~ |
S ~o
N o
ST
10! | |

1010731072107 10° 10! 10? 103 10* 10° 10° 107 108 10° 10!°10M10'210"3 101015 101¢
Frequency w in Hz.

Fig. 3.4 Transfer function matrix of RC549 reduced with ESVDMOR to 5 states via 1 virtual
terminal
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Absolute reduction error of RC549, n = 141, r = 5 via 1 terminal.
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Fig. 3.5 Absolute and relative error of RC549 reduced to 5 states via 1 virtual terminal

now, we follow the approach to explicitly calculate the matrices M, and Mo and
perform a full SVD in (3.14), see Full matrices (svd) in the legends. In contrast to
the TermMerg approach, see the next subsection, the ESVDMOR approach does
not allow to directly identify which state represents the dominant behavior of the
terminals best. Since the spectral norm plot of the transfer function, see Fig. 3.4,
and the magnitude plot of node one of the system, see Fig. 3.6, are quite similar, we
can conclude that node one is representative for all terminals. This is expectable for
all terminal nodes because of the one dominant singular value. The phase plot makes
clear that the approximation within the frequency range of importance between
10%and 10° Hz is sufficient. Outside of this range, the phase approximation is not
accurate. Figure 3.5 shows the overall approximation error of the reduced system.
Although the absolute errors seems to be very large, the relative errors show that
the approximation in spectral norm is acceptable, at least in the frequency range of
interest.
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PhaseandmagnitudeplotofRC549,node1,
original(blue,n=141)andreducedsystem

(green,r=5viavirtualterminal).
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Fig. 3.6 Bode plot of node 1 of RC549 reduced to 5 states via 1 virtual terminal

332 TermMerg

Based on a similar idea as ESVDMOR, the TermMerg approach was introduced
in [34]. As can be suspected by its name, the approach merges terminals. If some
terminals are similar in terms of performance metrics (timing, delays), those are
identified and grouped as one terminal. TermMerg is, as well as ESVDMOR,
based on the higher order moment responses. It additionally takes time delays into
account while clustering the terminals. The input and output terminals are clustered
separately. Terminals with similar timing responses are merged to one representative
terminal. The number of clusters for the grouping is calculated by an SVD low rank
approximation of the input and output response moment matrices M;and Mo. The
k-means clustering algorithm is used to group the column vectors of these matrices
to different clusters. For each of them, one terminal is selected to represent all other
terminals of this cluster. Adaptation of the input and output position matrices B and
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C with respect to the representing vector of each cluster leads to a reduction in the
number of terminals.

3.3.2.1 The k-Means Clustering Algorithm

The k-means clustering is a cluster analysis method to partition n observations into k
clusters Cl;, i D 1; 2; :::; k. Each observation belongs to the cluster with the nearest
mean. We take a set of observations .xi; X2;::: ; Xo/, with 2R for j D1;:::; n,
for granted. The k-means clustering aims to partition the n observations such as to
minimize the within-cluster sum of squares

X X
SD kxj— Wi (3.20)
iD1 xj2Cl;

The vector 4 represents the geometric centroids of the data in Cli. The final result is

a set of k disjoint subsets Cl; containing N; data points each and n D Ni. One
D1

of the most commonly used k-means algorithms is the Lloyd algorithm [36] which

gives the global minimum of S in (3.20). The three main steps of the algorithm

are:

« Initialization: Set k initial means pu';::: ; it
« Assignment: Each observation is assigned to the cluster with the closest mean,

CItD X Wijixj— Wi < jixj— p-if;

forjD 1;:::;n,i* D 1;:::;k, and t denotes the iteration number, and
» Update: The new center vectors of each cluster are calculated by,
1 X
H' D~ Xj:
Nt xj2Cljt

The algorithm is repeated until there is no more change in the assignment step. The
structure of this algorithm is responsible for the sensitivity to the initial choice of the
number of clusters and their cluster centers. Fortunately, we calculate the number
of clusters beforehand by using the truncated SVD in (3.14). Note that the number
of reduced inputs rjand r, is equivalent to the number of input and output clusters,
respectively.

Assume xj;j D 1;::: ; m, to be a column vector of M; containing the moments
w.r.t. to one input node (node j) and all output nodes such that
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Following the Lloyd algorithm, we pick k different vectors out of the x;’s as
initial means, perform the steps described above, and save the resulting clusters
Cly;:::; Clyas well as the corresponding centers pu;::: ; k. Within TermMerg, we
select one representative terminal for each cluster. For each Cl; we find the element
xj for which the distance from i is the minimum among all elements in Cl;.

Example 3.3.2 We consider a very simple matrix A defined as follows:

A 13577
D 2468

Suppose we group the four columns into two clusters Clyand Clz. We choose the
initial centroids randomly as D .3; 4/T and ! D5; 6/7. We compute a
distance matrix containing the squared Euclidean distances of each element (column
index) to each cluster (row index). For the first element d.1; 2/7, the distance
from the first centroid is given by -+ 3€ .2—4/2D8. We construct the distance
matrix as

o £808327
D 32808 °

The first set of clusters is Cl;* Daf; a; agd Cl,! asf as . The new centroids are
le? [2; 3/T and w? .6D7/T. We repeat the process, and the second set of
clusters turns out to be the same as the first one. Consequently, the centroids stay
the same. Since there is no further change in the centroids, the four columns can be
clustered into Cl12 and Cl,2.

3.3.2.2 The Reduction Step

Once we know the number of clusters for inputs and outputs, we perform k-means
to cluster the terminals. We find the representative terminal for each cluster and
accordingly replace columns of the input position matrix B and the rows of the
output position matrix C. We include only the representative terminals.

3.3.3 SparseRC

In this subsection we comment on an approach based on a completely different idea
from the one used in the approaches we introduced up to now. Indeed, SparseRC,
which is introduced in [25, 26], also performs MOR although the number of
terminals may be very large. A specialty is that the approach is considerably more
user-oriented. Its application is the reduction of parasitic RC circuits in simulation,
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e.g. power grids. In [26], the following five basic objectives for successful model
reduction are mentioned:

« the approximation error kG.:/ —&. : / kis small in an appropriate norm,

« stability and passivity are preserved,

+ an efficient computation is possible,

« for reconnection, the incidence input/output matrix B is preserved in some sense,
i.e., B is a sub-matrix of B, and

« the reduced system matrices B and A are sparse.

While the first three items can be nearly taken for granted in MOR, the last two items
are user-oriented specifications which are hard to meet. Even if the last item may be
satisfied by some approaches, the next-to-last item is in general not satisfied as in
most conventional MOR methods, the reduced model is not sparse. The SparseRC
approach promises to fulfill these five items. The basic idea is to apply extended
moment matching projection (EMMP), see next section, to disjoint parts of the
original system.

3.3.3.1 MOR via Graph Partitioning and EMMP

Following [26], the EMMP (derived from an algorithm based on pole analysis via
congruence transformations called PACT [28] and from sparse implicit projection
(SIP), see [48]) is a moment matching type reduction approach suitable for multi-
terminal systems with only a few terminals. Within SparseRC, this projection
method is applied to subsystems connected via so called separator nodes. Each
subsystem has just a few terminals and the connection of all reduced subsystems
leads to a reduced-order version of the original system.

Assume such a subsystem is given as an LTI system obtained from modeling an
RC circuit. In this situation, system (3.4), re-arranged and in frequency domain, can
be written as

.SE — A/x.s/D Bu.s/; (3.21)

when ignoring the output term. Now we do a simple block separation into selected
nodes xs (terminals and separator nodes) and internal nodes x;. This leads to
3 T2 103D D N
Ei EC Ai Ac Xi 0

— D u;
ECI Es ACI As Xs BS

where Aj; Ei2 R"s—1—/ B¢ 2RSS with s < m being the number of selected
nodes, i.e. the number of terminals m plus the separator nodes which are preserved
because of the coupling within SparseRC. Applying a congruence transform with
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W WD —AtAc and

X zln_swv. x D XTX
D 0 Is '
such that .A; E; B/ are mapped to .XTAX;véTEX‘;, XTE/, yields

EE A0 x 0 " (3.22)

KTE,  OA X% B

with
. D EcC EiW;
EDEsCW'EW CWTE.CE'W; (3.23)
AsD A;C ATW: (3.24)

Solving the first row in (3.22) for xjand plugging the result into the equation of the
second row of (3.22) leads to

.SES— As/ﬂs— SZET.SEi —_ Ai/_lﬁcxs D Bsu:

Following [26] further on, the first two moments of system (3.21) at s D O are given

by Bsand As in (3.23) and (3.24). Consequently, a reduced-order model A; B 2 R

k <5, which preserves the first two admigance gnoments of (3.21) can be computed
. . R . T .

via a moment matching projection VD WT1 given by

ADVTav; B D V'B;
EDV'EV; and §D VX D X

The question remains how to partition the original RC system with many terminals
in an appropriate way such that we can apply EMMP to the subsystems. There
are two goals during this process, which depend on each other. One is to find a
partitioning and the second is to avoid fill-in such that the reduced model is still
sparse. Usually, fill-in minimizing matrix reordering techniques similar to those
used to compute an efficient Cholesky factorization can identify nodes causing
fill-in. SparseRC avoids these techniques due to circuit size or topology. Instead,
graph decomposition based on the non-zero pattern (nzp) of E—A is used due to
the analogy between circuit models and graphs. The fill-creating nodes, i.e., the
separation nodes, are identified and the circuit matrices are reordered in a so-called
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bordered block diagonal (BBD) form [49]. In this form, the individual blocks
form the subsystems to be reduced and the border blocks contain the separator
nodes, which are preserved during the EMMP. Both goals are achieved and the
five objectives for MOR above are fulfilled. For a detailed discussion, e.g., about
the matrix properties such as the singularity of A;j or implementation details, see
[25, 26]. The approach is generalized to RLC networks in [25].

3.3.4 MOR for Many Terminals via Interpolation

This section deals with the modeling of RLC systems of the form (3.1) by means
of S-parameters (scattering parameters), i.e., measurements of frequency domain
response data [29]. A typical application would be a black box problem. Given
is an electrical device, but the knowledge about the circuit inside the device is
unidentified. With the help of, e.g., a Vector Network Analyzer (VNA), it is
possible to measure amplitude and phase properties. We get P samples at different

el
Sy Sim

S.j/WDg Co g: (3.25)
Sd/ ... spif

The goal is to find the associated transfer function G.s/ such that its values ab» 1!
with 1 D2ifjare close to the scattering matrix. I1fkG.i 21f/ —S /kis small in
somenorm, thecomputedrepresentation matricesbelongtoanaccuratemodel. The
approach uses tangential interpolation and the Loewner matrix concept to find a
model, even a reduced-order model, of this multiport device.

3.3.4.1 Tangential Interpolation and the Loewner Concept
Tangential interpolation is a form of the standard interpolation problem along a
tangential direction. Consider k different sampling points h; 2 C, the tangential

directions r;2 C™%, and the tangential data wi 2 CP—, such that

2 D fhy;:::; heg € CX;
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is called the right interpolation data. Analogously, we define the left interpolation
data &2 C, I;2 C¥Pand vj2 C'—™at another h sampling points as

b2 b2
LD I 1h T2 Ch—P: and
b2 b2
VD vVl T2 ch—m.
The rational interpolation problem aims at finding a set of system matrices, such
that the right and left interpolation constrains
G.hilriDwi; iD1;:::k; (3.26)
and iG.&/Dvj; jD1;:::;h; (3.27)
are fulfilled by the associated transfer function G.s/.

Definition 3.3.3 (The Loewner and the Shifted Loewner Matrix) Given are a
set of P hGampling points hif::: ; hg; &1;::: ; & gnd the values of a rational
matrix function G.hi/ and G.&;j/ evaluated at these points. By defining tangential
directions riand ljwe are able to compute the tangential data w; and vj. The matrix

viri—hwa || vark—Iiwk

LD% &1:—:h1 :: &1—_:hk é

vhri—lhwa | vhrk—lhwk
&h—h1 &h—hk

is called the Loewner matrix. The shifted Loewner matrix is defined as
&iviri—hiliwi |, &ivirk—hkliwk

oL D g &1—_:h1 . &1—2hk é :

&nvhri—halawi |, &hvhrk—hklhwk
&h—h1 &h—hk

By means of the matrices of Definition 3.3.3 and their properties, e.g., they
satisfy certain Sylvester equations and turn out to reveal some kind of tangential
controllability and observability Gramians, we can solve the modeling problem for
the given data.

Lemma 3.3.4 Assume k D h (half of P, if impossible ignore one sampling point)
and det.zL —oL/ = 0 forall z 2 fhig [ f&g. ThenE D —L, AD —oL,B DV,
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C D W, and D D 0 is a minimal realization® of the system whose transfer function
G.s/ DW.oL —sL/~1V

interpolates the given data such that (3.26) and (3.27) are satisfied.

Note that we assume exact data and the needed number of samples. For a proof and
more details we again point to [29]. There, it is also explained how to reveal the
order of the underlying system, how to handle different scenarios of measurements,
and how to get reduced-order models. This kind of approach can be extended to
parametric systems, see[3].

Another important information is how to get the tangential data from (3.25). Note
that, like in the scattering matrix, for real passive RC circuits the number of inputs
is equal to the number of outputs nDp. In [29], it is proposed to define riand Ijas
rows and columns of the identity matrix Imto be linearly independent. Consequently,
for j D 1;:::;k, the right interpolation data can be constructed as

hjDilj; riDeg; and w;DSVrj;

where eq R™ (an m-dimensional unit vector with entry 1 in its g-th position)
with j eemod m. If g 0 W set g m, i.e.Dif the division of k and m is without residual,
we take the last row of I as rj. Analogously, for j 1; ::D; h we get the left
interpolation data as

&D—it; Dr]; and v DISV:

3.4 ESVDMOR in Detail

3.4.1 Stability, Passivity, Reciprocity

The preservation of properties is an important topic in MOR. Besides the essential
information encoded in the equations of the original system (3.1), e.g., resistance
values or capacities, other information, e.g., structural characteristics (block struc-
ture, sparsity) or physical qualities, can be of interest. The preservation of such
properties is of prime importance in a lot of applications. Typically in circuit
simulation, three basic properties to preserve are stability, passivity, and reciprocity;
see also Sect. 2.2.3. For this reason, in the following section we give some basic
definitions and lemmas to establish facts on the preservation of these three properties
in reduced-order models generated by ESVDMOR [7].

Loosely speaking, a minimal realization of a descriptor system is a set of matrices .A; B; C; E/ of
minimal order yielding the transfer function G.s/ of the system.
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3.4.1.1 Stability

In the analysis of dynamical systems it is important to study the dynamics if the
considered time horizon goes to infinity. The reduced system is intended to show
the same behavior as the original one. The following basic definition and lemma
can be found, e.g., in [10, 14].

Definition 3.4.1 (Asymptotic Stability, c-Stability) The descriptor system (3.1)
is asymptotically stable if all solutions x.t/ ofPExt/ Ax.t/ID converge to zero at
infinity, i.e.,

lim x.t/ DO:
tr

The matrix pencil hE —A, h 2 C,is called c-stable if itis regular and the
corresponding system (3.1) is asymptotically stable.

Lemma 3.4.2 Consider a descriptor system (3.1) with a regular matrix pencil
hE — A. The following statements are equivalent:

1. System (3.1) is asymptoticallystable.

2. The finite eigenvalues of the pencil hE — A, h; 2 2.A; E/, lie in the open left
complex half-plane, i.e., & C.Dh  Re.h/<0.g

3. Consider the spectral projections Prand Py, respectively, onto the right and the
left deflating subspace of the pencil corresponding to the finite eigenvalues. The
projected generalized continuous-time Lyapunov equation

E"XA C ATXE C PTQP: D 0; X D P/XP

has a unique Hermitian, positive semidefinite (psd) solution X for every Hermi-
tian, psd right hand side matrix Q.

Remark 3.4.3 The infinite eigenvalues of the pencil do not affect the behavior of the
homogeneous system in Definition 3.4.1. Consequently they do not affect stability.
A very useful observation of Lemma 3.4.2 is the connection between the stability
of the system and the finite eigenvalues of the pencil. We use this fact to prove the
following theorem.

Theorem 3.4.4 Assume the descriptor system (3.1) with its transfer function (3.3)
to be asymptotically stable. The ESVDMOR reduced-order system corresponding to
&.s/ of (3.19) is asymptotically stable if the inner reduction to &;.s/ of (3.18) is
stability preserving.

Proof According to Lemma 3.4.2, we know that in the continuous-time case
stability is preserved if the pencil of the reduced system is c-stable. Besides
regularity this means Re.R/ < 0 for all B 2 2.A; B/ (the spectrum of the matrix

pencil hE —A). Remembering that the original system G.s/ is asymptotically stable,

i.e., .hE — A/ is c-stable, the following implication is obvious:




110 P.Benner and A. Schneider

The inner reduction Gr.s/ = &.s/ in (3.18) is stability preserving
H) .hE — A/ is c-stable
H) the reduction G.s/ =Gy.s/ in (3.19) is stability preserving.

Remark 3.4.5 Many established MOR methods for regular descriptor systems are
stability preserving and can be applied along the lines of Theorem 3.4.4. Due to their
computable error bounds we prefer the use of balanced truncation based approaches,
see [5, 10], and in particular the specialized versions described in Chap. 2 dedicated
to circuit equations.

3.4.1.2 Passivity

One of the most common definitions of passivity of a circuit is the property that
its elements consume (or at least do not produce) energy. Thus, if the original
system is passive, also the reduced model should be passive in order to remain
physically meaningful. In other words, passivity preservation is important for
stable, accurate, and interpretable simulation results, see also Chap. 2. A more
mathematical definition of passivity is the following one, taken from [40].

Definition 3.4.6 (Passivity) A descriptor system (3.1) is called passive (or input-
output-passive) if mD pandthesystemoutputyWR ¥ R™satisfies

Zq
ut/Ty.t/dt <0; (3.28)

to

for all possible inputsuWR ¥ R™ where x.to/ D 0, the functions u and y are
square integrable, and G0< tol T] < R is the time period of interest.

Since for linear systems a shifting of the time horizon is not a problem, we can
assume to ODPassivity, such as in the previous definition, is hard to show.
Therefore, we use another concept, discussed, e.g., in [20], for constructive passivity
testing.

Definition 3.4.7 (Positive Real Transfer Function) The transfer function (3.3) is
positive real iff the following three assumptions hold:

() G.s/ hasno polesin Cc D fs 2 Cj Re.s/ > 0g, and additionally there are no
multiple poles of G.s/ on the imaginary axisiR,
(i) G.§/ D G.s/foralls 2 C;
(iii) Rex*G.s/x/s0foralls2Ccandx2 C™ i.e. G.s/*C G.s/ < 0 forall
s2 Cec.

To show some results about passivity preservation of ESVDMOR, we need to know
the connection between passivity and positive realness.
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Lemma 3.4.8 A descriptor system (3.1) is passive if, and only if, its transfer
function (3.3) is positive real.

Remark 3.4.9 The original proof can be found in [1]. In [1, 37, 41] another proof
of this lemma shows the equivalence of passivity and the bounded realness of the
scattering matrix function, which is nothing else than a Moebius transformation
of G.s/. Subsequently, the equivalence of the bounded realness of this scattering
matrix function and the positive realness of the transfer function is shown. Hence
the lemma is proven.

As already mentioned in Definition 3.4.6, for passive systems we assume that the
number of inputs is equal to the number of outputs: m D p. We furthermore
assume (3.4) and (3.5). As before, the matrix pencil hE—A is assumed to be regular.

Theorem 3.4.10 Consider a passive system of the form (3.4) with its transfer func-
tion (3.5). The ESVDMOR reduced-order system corresponding to & ;.s/ of (3.19)
is passive if the inner reduction to &.s/ of (3.18) is passivity preserving.

Proof Following Lemma 3.4.8, we show that G.s/ in (3.19) is positive real. Hence,
we show that the reduced system is passive. The i-th sp frequency-shifted block
moments of (3.5) are

m*® D B".—.s0E — A/ 'E/".5E — A/'B; s -
with det.s E — A/ 6D 0. Following the technique used in [21], we define J D 10

0
0—I
with appropriate block structure. The properties of A1, E1, and Ezas well as the fact
that J D JTand J2D | lead to the following rules:

R1:JDJ,

R2: JED EJ, hence JEJD E,

R3: .soE — A/T D soE — JAJ D soJEJ — JAJ, hence .SoE — A/~ T D .S0JEJ —
JAIID JLsoE — A1 D J.soE — ALY,

R4: B D JB, and i _ —

R5: for every matrix X, Y andi 2 N, .—X 1Y/ D X .Y.=X/ '/ X holds.

A straightforward calculation employing these rules shows that

m® D .BT.—.S0E —A/'E/ .SE —A/IB/T
D BT.soE—A/—Tf.—._sggf—A/—1 E.l4B

EE]

_X—1 Y
—T 1 T

T —1 i
D B .soE—A/ f.sgE—A/ .E.—ssE—A/ /] .ssE—A/g B
D  B'.SoE—A/"T.soE —A/Tf.E.—.SoE — A/ /g .soE — A/TTB
D  B'f.E.—.soE—A/"Y//g".soE—A/"B
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.EDET/ T T i -
D B ..—.spE—A// E/.sscE—A/ B
.R3/ T —1 i 1
D B .—J.soE —A/ JE/ .J.soE —A/ J/B
.R5/ T 1 —1 i 1
D B J.SoE —A/ JE.=J.soE—A/ /] .S)E—A/J.J.SsE—A/ J/B
.R1;R2/ T 1 —1 i 1
D B J.soE—A/ .E.—.sgE—A/ [/ .sgE—A/.s)cE—A/ IB
D  B'J.soE—A/tE.—.50E—A/Y//IB
R4/ T 1 —1 i
D B.ssE—A/ .E.—.ssE—A/ //B
.R5 backwards/ T —1 i 1
D B .—.soE—A/ E/.ssE—A/ B

So.
D m;”:

By means of (3.14) it follows from (3.9) and (3.10) that M; D Mo, such that VT.P
Vg, D V] Hence '

B.s/ D V;B].sE —A/ 7B,V (3.29)

with Branalogous to (3.17). If the MOR method used in (3.18) leads to a positive
real transfer function, passivity is preserved.

In Definition 3.4.7 and Lemma 3.4.8 it is shown that the system (3.4) is passive
if the Hermitian part of the transfer function along the imaginary axis is positive
semidefinite, i. e., Gy D %.G. ji/ C G.jY/ = 0. Asanillustration, in Fig. 3.7
we show the smallest nonzero eigenvalue of the Hermitian part of the original
transfer function Gn. j!/ and of the terminal, not yet order reduced transfer function
&1. j1/. In every case the systems are positive semidefinite. Figure 3.8 shows the
relative difference of these smallest eigenvalues to those of the original sy%tem. As+

we only add zero eigenvalues in (3.19) by multiplying Vo,, D Vr and V | D Vi
from the left and the right to the positive real transfer function &;.s/, positive
semidefiniteness ispreserved.

As inner reduction method, again the passivity-preserving balanced truncation
approaches described in Chap. 2 can be employed.

3.4.1.3 Reciprocity
Another important property of MOR methods is reciprocity preservation, which is

a requirement for the synthesis of the reduced-order model as a circuit. We assume
the setting given in (3.4). An appropriate definition can be found, e.g., in [40].
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Definition 3.4.11 A transfer function (3.3) is reciprocal if there exist mg; mx2 N
with my Cmy [, such that for ¢ ddg.lm;; ImFandall s  C2being not a pole
of G.s/, it holds

G.s/ ¢D ~G'.sf:

The matrix ¢ is called external signature of the system. A descriptor system is
called reciprocal if its transfer function is reciprocal.

As a consequence, a transfer function of a reciprocal system is a matrix of the form

= Gll.S/ Glg.S/
—GJ s/ Gaa.s/

G.s/D (3.30)

where Gll.vs/ D GTn'S/ 2 RMM and Gao.s/ D GT'§2/ 2 RM2M2 That is,

20 |
G.s/ is a Hamiltonian matrix.
—I0

Theorem 3.4.12 Consider a reciprocal system of the form (3.4). The ESVDMOR
reduced-order system corresponding to &,.s/ of (3.19) is reciprocal if the inner
reduction to &.s/ of (3.18) is reciprocity preserving.

Proof Due to the reciprocity of the original system, the corresponding transfer
function (3.5) has the structure given in (3.30). Equation (3.29) shows that none
of the steps in ESVDMOR destroy this symmetric structure if (3.18) preserves
reciprocity.

3.4.2 Error Analysis

Knowledge about the approximation error is motivated by the desire to meet
the (industrial) requirements placed on the reduced-order model and, at the
same time, to get a reduced model, which is as small as possible and as good
as necessary. Because approximation errors are, of course, caused at different
steps of the algorithm, an analysis of these particular errors is an important
basis to estimate the total approximation error. Most of the particular single
errors are well studied. In the following section, we describe the results about
a priori error estimation of the ESVDMOR approximation in [8]. Based on
the known approximation errors, e.g. those of truncated SVD or balanced
truncation, we combine all errors, firstly with many assumptions and later
for more general models, to derive a global error bound of the ESVDMOR
approach.
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Since the difference between the original transfer function and the one given
by the reduced-order model is still a matrix-valued function of s, matrix norms
are needed to define the kind of error measurement. In the following, the two most
important norms regarding MOR, the spectral norm and the Ha4-norm, are
defined.

Definition 3.4.13 (Spectral Norm) The spectral norm ofa matrix H 2 C*— is
induced by the Euclidean vector norm and defined as

. P
”HJJZ D hmax-HxH/ D Omax.H/;

where H* denotes the conjugate transpose of H, hmax. / the largest eigenvalue, and
Omax-/ the largest singular value.

The second useful and important norm is based on the Hardy Space theory, see, e.g.,
[18].

Definition 3.4.14 (H4.-Norm) The H4 -norm of an asymptotically stable transfer
function (3.3) is defined as

jjGjjH1 D sup Omax.G.s// D sup jjG.s/jj2: (3.31)
s2Cc s2Cc

Due to the maximum modulus theorem, we can express (3.31) as & jju, D
SUp Omax.G.il/l.

12R

For unstable systems, the Ha-norm is not defined. In this case, G.s/ is not
holomorphic in the open right half plane, i.e., it is not an element of the Hardy
space H1 of interest.

3.4.2.1 Particular Error Bounds

Equation (3.14) describes a truncated SVD. We know the error caused by an SVD
approximation, e.g. of My, is given by

ew, D M.n/—Up ~IVT Do et

ool

“'Ddiag.0';:::;0"%0" 0! =0/, " iDdiag.og;
1 ri 1 ri

fi  Tica Min
ando'< o'for jD 1; :::; min— 1. The same applies to Mo. The notation M;.n/
use

e Jsestict y on the number n of used block moments m.
xpres  he dependenc i
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RC549 via one virtual terminal - Hankel singular values and the balanced truncation cut off.
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Fig. 3.9 Hankel singular value decay of RC549 via one virtual terminal. The red lines show the
BT error bounds, computed by the truncated HSVs for the three different methods

Provided the use of a suitable MOR method which provides an error bound, e.g.,
the balanced truncation (BT) methods for RC circuits as discussed in Chap. 2, we
know the error caused in (3.18). BT methods perform a reduction based on the
truncation of the so-called proper Hankel singular values (HSVs) 01;::0 ; o4 6f
the system (where q nk see Sect. 2.3.2 for details. The error for balanced
truncation using any of the variants discussed in the previous chapter is bounded
by

X
Gr— G ,_ <const:- & D 1; (3.32)

kDnrC1

in case we reduce the proper part of the system to order n;.

Figure 3.9 shows the HSVs of RC549, for which the terminal reduced original
system Gy.s/ is a single-input single-output (SISO) system, computed several
methods (the Arnoldi and Jacobi-Davidson based methods are explained in the
following section). We see that the decay of the HSVs is fairly slow. Additionally,
the beforehand applied terminal reduction corrupts the computation, which explains
the differences according to the decomposition approaches. Nevertheless, the strong
decay of the HSVs and a relative tolerance of O .10—% leads to only 5 (in JDSVD
case to 6) reduced generalized states. Similarly, Fig. 3.10 shows the HSVs of egs_lin
with 573, respectively 520, virtual terminals. It is remarkable that the cut off in this
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eqs lin via virtual terminals - Hankel singular values and the balanced truncation cut off.
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Fig. 3.10 Hankel singular value decay of eqs_lin via 573 (Arnoldi and full SVD) and 520
(JDSVD) virtual terminals

case was not induced by reaching the given relative tolerance but by accomplishing
the predefined maximum order of the reduced system rp300. As a result, we may
expect a relative error of O.10—%/, which is confirmed in Fig. 3.11.

3.4.2.2 Total ESVDMOR Error Bound

The error analysis discussed here follows in large parts [8]. Due to (3.19) and the
triangle inequality, the total ESVDMOR error in the spectral norm on the imaginary
axis can locally be expressed as

et D G.il/—6,.i1/ = G.it/—6.iv/ 2C 6.iv/—6&,.in/ )

v Je:m _{n (3.33)

The spectral norm is invariant under orthogonal transformations. Consequently,
the balanced truncation part (the error caused by the inner reduction ei,) follows
from (3.19), (3.32), (3.33)

enD Vo ,Grs/V] —Vo G.s/V] D Grs/—Grs/ <1
fi i 2
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Absolute balanced truncation model reduction error with error bound.
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Fig. 3.11 Absolute and relative error of egs_lin, n D 14;261, r D 300 via 573 (Arnoldi and full
SVD) and 520 (JDSVD) virtualterminals

Toanalyze the terminal reduction part, also called outer reduction error equt, We
start by considering RLC circuits only, i.e.,(p m denoted by m, IDBT, and, if
s)E —A< 0, consequently G.s/D  G.s/T. Due to symmetry, MD MoD U ~ VT,
and also ViD/o \D Moreover U I holds in the SYDMOR case, which
means that there is only one i-th so frequency-shifted block moment in the ansatz
matrices (n D 1), e.g. m%2 R™™, such that

Mi D MED m®D BT.5sE—A/'BDU V' DU - U"=U;"U":,
The local terminal reduction error equtat Sothen is

e D G.so/ —G.so/ D BT.sE—A'B— UBl.sE—A BV,
2

5" B.sE—A'B—UUB s g—ABUUT, 2

D U U -UyUU-ULU, D U U—U U,

¥ 0l
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if we keep r singular values or terminals. Applying balanced truncation, the total
error at Spin the SVDMOR case in the spectral norm is then given by

1=0 X
etot < OrCl C 2 0] (334)
jDI’IrCl

Hence, at least in the neighborhood of the expansion point chosen for the terminal
h
e e LA TBNSE L 20 allow %ar_“el"{ el Pffe “"%d |th|n the angalt?z

matrlces) For simplicity let usassumen D 3(m  m 31
Thus,
0 801 Ou.lll Oul.l/uz.l/l_ s s
M|D@mS°AD@U'2/A'VDBU'lZ/U'ZZ/A 19 v
0 "2 3
m¥ 13 13 gl

DW 'UrUzg- - o Z-\ a7
0%, 1o

where the row partitioning in U is as in M;; Mo and the column partitioning refers
tothe number of kept singular values, which we denote by the number r. We get
m? D U~ VT, j D 1;2;3, (which is not an SVD as U-" is not orthogonal, but
kU ¥k, < 1 holds). Thus we can write

>k i
G.s/—&.s/D .Y —10%/.5 — so/
iDO

D.mY—mY/C.mP—m3%.s—so/ C.mP—13Y.s—so/ 2CO.s—s0/ >
Defining PtWD V1VI, and consequently | — P1 D VoVT ,zwe can bound the first

expressions thus as follows:

my'— 3 D mj—Pim*PLD UL VT — P VTGV
s 3

. >.
Du.]/ 10 VTl —P U.]/ 10 Ik VT
0 "2 V] ! 0", o0 !
DU-J’ 01% Y/T 5
cui 00 S _pud Loy
072 v ! o !
- _T
0" ](‘),lov.1
AQ@
P 10" Ve
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.z
VIC.I1—PyU-Y (1) VT,
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00
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DU
We can now express the error as follows:

G.s/ —6.s/ D eg1 Cer.5—so/ Cez1.5—Sof?

Ceo2C e1:2.5 — o/ C e22.5— S0/ C O .s — s ;
where, when taking norms, and using kU-7’ko< 1, kVT k2D 1,
kej';j_kz < Orc1:

The terms kej.2kz cannot be bounded in a meaningful way. If orc1 is zero, then VoV,
projects onto the nullspace of M,, such that if orc1is small enough, VoV, is still an
orthoprojector onto the joint approximate nullspace of the first n moments. That is,
the error, up to order n-1, is essentially contained in the nullspace of the first n
moments. Future investigations may focus on exploiting this fact to get a general
error bound.

3.4.3 Implementation Details

An efficient implementation is very important, especially if large scale systems
are taken into account. Usually, within ESVDMOR we perform a full SVD and
then set all singular values smaller than a threshold value equal to zero. This
threshold value depends on the error we allow for ESVDMOR, see Sect. 3.4.2.
The most obvious idea to increase the efficiency of the ESVDMOR approach
is to avoid this full SVD in (3.14) because the ensuing step in the algorithm
is to discard the expensively computed information. The numerical costs for
an SVD of M;can grow up to O .npm% flops. In case of Mo, these costs
may be of order O .nmp?% flops. This is not appropriate for large-scale circuit
systems. The computation of the reduced-order model only needs the leading
block-columns Vi, and Vo, of the orthogonal matrices computed with the SVD.
Consequently, we apply a truncated SVD, which can be computed cheaply
employing sparsity of the involved matrices. There are a couple of truncated
SVD approaches available, e.g., [12, 13, 46]. Efficient algorithms based on
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the Arnoldi method [31, 44] or the Lanczos method [4] as representatives of
Krylov subspace methods are suggested in [6, 43]. A Jacobi-Davidson SVD
approach is explained in [24]. Both possibilities will be explained in the following.

We start by having a look at joint features. Both methods are based on iterative
computation of eigenvalues. Without loss of generality, we have a look at the input
response moment matrix M;. The same observations also hold for Mo. It is known
that the computation of the eigenpairs of the m-m matrix MTM| leads to the singular
values of M; [23]. But as forming the product should be avoided for reasons of
numerical stability and efficiency (we even do not form M;, see Sect. 3.4.3.3), both
methods work with the augmentedmatrix

(3.35)

and the positive eigenvalues are the singular values of M.

3.4.3.1 The Implicitly Restarted Arnoldi Method

One way to compute a TSVD is based on the implicitly restarted Arnoldi method
[31, 44]. This approach exploits the symmetry of the matrix A;. Hence, it becomes
equivalent to the symmetric Lanczos algorithm without taking advantage of the
special block structure of A;. The Arnoldi method computes an orthonormal basis
of a Krylov subspace and approximates eigenpairs for the projection of A,onto the
Krylov subspace. This iterative method becomes more expensive the more iterations
it needs until convergence. This motivates the use of the restarted version, which
is explained briefly in the following. A restart means that we delete parts of the
calculated Krylov basis after a certain number of steps. Unfortunately, this also
means a loss of information. In detail, the Arnoldi method afterj kc | steps
without restart gives

z )
AIQ;D QjH;C gjc1 0; :::; 0; hjcy;j ;

D QiH; C hicy;jgjcaey’;

where Qjis an orthogonal matrix and HZ/—Jis an upper Hessenberg matrix. The
number of eigenvalues we are interested in is B2riand | is the number of Krylov
vectors we want to discard. Applying | QR steps with shifts &1;::: ; &, which are
often chosen to be the | eigenvalues of H;j corresponding to the unwanted part of the
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spectrum, we get a matrix U such that
®; D U*H;U:

So we also have

®; WD QU; u'De'U:
J J

With fic1 D hjci;jgjc1 we get
AiQ D Qi C ficauf:

Now we split the components in

@jDz@k@lz; ® D e x ; uT D0 0;, ;s x]:

~erep R J
After removing the last | columns we end up with
A 0D Ol C ~Qiese] C fncal0;:::;0; . T;
D OB C .~ Qies C | fmcalel;
D &l C 9mc1e-ﬂ(1

We get again an Arnoldi recursion equivalent to the one we would get after k steps
with starting vector §1. Until we reach an appropriate stopping criterion, see, e.g.,
[31], we perform | steps again and restart until the eigenvalues of Ml have converged
to the largest singular values of M.

3.4.3.2 The Jacobi-Davidson SVD Method

A Jacobi-Davidson variant for singular value computation based on the augmented
matrix Ay in (3.35) is proposed in [24]. The given block structure is exploited by
the usage of two searchspaces U c R"™; V ¢ R™Mand respectively twotest spaces
X c R"™; Y c R™ wheren is still the number of moment matrices of G.s/
of which the matrix M is constructed. We introduce matrices U 2 R™;, Vv 2
R™; X 2 R"™¥; Y 2 R™*whose columns are equal to the basis vectors of the
four subspaces mentioned above.

For approximations to the singular values, that we call & here, we use an auxiliary
real number y and vectors u 2 U ; v 2 V. Further, we employ the fact that for a
singular triple .0i; ui; vi/ of M2 R"™™the following equations

M viD oiui; M/ ui D ojvi (3.36)

hold for i D 1; ::: ; rank.My/.
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Definition 3.4.15 For vectorsx 2 R"; y 2 R"and subspaces X cR™ Y cR
X

C
we say that the composed vector 2 R™"is double orthogonal to é if

y
both x ? X andy ? Y . We denote this by

D 3
X oo X

y Y

Similar to the orthogonal complem@nt of a smgle vector we denote the subspace
u;v2R"~ R"W x'uDy"vD 0 as.x; y/*?

We impose a double Galerkin condition for the residual res D res.&; y/ defined as

5 5
V&L oo X (3.37)

res.&; y/ WD —yw v

Introducing ¢; d 2 R¥ such that u D Uc; v D Vd, (3.37) is equivalent to

(XTMNd D &X"Ug;
' (3.38)
YTM]Uc DyY'vd:
The assumption x'u @ 0; y"v @ 0 for test vectorsx 2 X ; y 2 Y leads to
XMiv

approximations & D %5~ and y D
necessarily need to be equal. This depends on the choices for thetest spaces X ; Y,
which is examined later. Suppose we already have approximations.&; y; u; v/ and
look for new singular vector approximationsew; v/ D .u C s;v C t/, which fulfill a
double orthogonal correction .s;t/??.u; v/, such that

Mi.vC t/Do.uCsl; (3.39)
MT.uCs/D .vCt:

Equation (3.39) can be rearranged to

s .o~ -
—OlpMi S 5 s O &l (3.40)
Ml —lm  t S—ylv
Since we are searching in .x; y/?? we consider the projection P onto .x; y/*? along
.U; v/, which expands (3.40) to
" ] s
Ip — X 0 —&hy \ TZ T D—res: (3.41)
0 £ |m—yTlv T M|T —YIm t

projection P
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We also replace the unknown o; * by the known approximation &; y in (3.41). Since
8x2R"™; 8@ 2 R"withu'@ @ 0; vig 0,

#s ~

lllp_ EJT-@XUT O S ZSV
0 h— gy’ t Dt
\'

holds, we can expand (3.41) to the JDSVD correction equation.

" #z v“ #Z v
I p—iux” 0 —&lyy M Inp ——Fzoxu” 0 S b—res:
_ T 1 \'A - ’

(3.42)

with .s; t/2@, v/. If x; @ are nonzero multiples of x; y, the operator in (3.42) is
symmetric and maps .u; v/??to .x; y/?”.

Atthispoint, the Galerkin choice of the test spaces needs to be explained. If we
choose X DU andY DV ,withdimU D dimV D k, we get

U™vd D &c; V'M/Uc D yd

for (3.38). Again, we have approximationsu D Uc and v D Vd. With test vectors
x D u;y D v, and with kuk D kv k D 1, we have singular value approximations
& D y D u'Av which are equal. Furthermore, forex D u; ¢ D v the correction
equation (3.42) becomes
> T hp2 2 T IO
Inp—uu 0 —&Inp Ml Inp—uu 0 S D —I’eS; (343)
0 In—w' M —&ln 0 Ip—w' t

in which the operator is symmetric and maps .u; v/?? to itself. We conclude
the standard variant of the JDSVD in Algorithm 3.1. The orthonormalization is
performed by MGS and RMGS, which stands for the modified Gram- Schmidt-and
the repeated modified Gram- Schmidt- orthonormalization. Due to orthogonality
this Galerkin choice is optimal for computing of the largest singular values which
is the problem we want to solve. Computing the singular values closest to a
target " is equivalent to computing the singular values of largest magnitude of
the shifted and inverted matrix .A—1/—1, which implies a different correction
equation.

A comparison of the influence of different decomposition methods applied
within the terminal reduction of RC549 to one terminal can be found in Fig. 3.12.
The magnitude approximation is satisfying while the approximation of the phase
becomes even worse by means of Arnoldi or JDSVD. If we keep 66 terminals,
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Algorithm 3.1 JDSVD with standard Galerkin choice for computation of omax.Mi/

Input: Initial vectors .s; t/, tolerance «.
Output: Approximate singular triple .0max; u; Vv/.

1
2
3:
4:
5:
6

cfork D1to... do

Orthonormalize s; t w.r.t. Ug; Vi
Expand search spaces U; Vi with vectors s; t.
Compute largest singular triple .&; c; d/ of HkDUTkI\/th.
Set u D Ukc; v D Vid. s v
ComputeresidualresD Miv— &u
Mu—&v

if kresk <cthen

return,
else

Approximately compute solution of correction equation (3.43) for.s; t/??.u; v/.
endif

: end for
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Singular value decay of M, = m{of RC549,
red singular values neglected.
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Fig. 3.13 Singular value decay of RC549, M; D m¢ 66 virtual terminals

see Figs. 3.13 and 3.14, we can see a slight improvement. In particular, the
phase approximation of the JDSVD approach becomes reasonable in the important
frequency range. Like mentioned before, in this example the crucial point is the
order reduction by means of BT, such that keeping more terminals does not
significantly improve the overall approximation. Figure 3.15, as well as a zoomed
version of it in Fig. 3.16, show that reducing the number of terminals of eqgs_lin
leads to a clear number of virtual terminals. Choosing machine precision as relative
tolerance, the algorithms automatically truncate after 573 virtual terminals. The
fact that JDSVD already stops after 520 virtual terminals is only a question of
internal settings and does not express any disadvantage of the approach. If we need
a very accurate terminal reduction, maybe it is worth the effort of calculating a
whole SVD of the explicitly computed I/O-response moment matrices. If efficiency
plays a role, both methods, Arnoldi and JDSVD, lead much faster to acceptable
results.

3.4.3.3 Efficiency Issues
No matter which method we choose, the explicit computation of the response

moment matrices, see Definitions 3.2.2 and 3.2.3, is too expensive and possibly
numerically unstable. Moreover, using an established algorithm we need to provide
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Fig. 3.14 Bode plot of node 1 of RC549 reduced via 66 virtual terminals

the information of the matrix A in (3.35)
z v > v

O M o Ao WD 0 Mo

A D
M 0 MZ

applied to a vector X, i.e., Ai=0XW, to build up the required subspaces. We use a
function for this purpose. In the following we distinguish the two cases above.

3.4.3.4 Truncated SVD of the Input Response Moment Matrix M,
Consider the augmented matrix A2 R"PC™—mCm/ The function input arguments

are a vector x 2 R"C™and a scalar n, which is equal to the number of used moments
n, see (3.9). Output argument is a vector y 2 R"™*M, We assume a block structure
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of the vectors x and y corresponding to the block structure of M in Ay, such that

0 1
Oyol 2mo Xol

1 my § Xt o
gy::lg D (%z 0 %E%XH 1% (3.44)

v moT mlT--- mn_1

where fori D 0; ::;;n — 1,

(0] 1 (0] 1 0] 1 0 1
i B Yip:Cl C i B ynp:Cl C i B Xip:::l C ) B an:Cl C
yDg I % Yy DB % xDBf I K and X' DB
Y.icip YnpCm X.ici/p XnpCm

Performing the matrix-vector multiplication, we get the componentsy' for i D
0;:::;n —1as
. x :
y'Dmix" and y"Dmo" xX°C m"x!C--- Cmh—"x"1D m;"x':
i

To compute these components efficiently, we replace the block moments by their
factors according to (3.2.2) and (3.2.3). Following Algorithm 3.2, we compute the
parts of y by repeatedly applying the factors to parts of x. We want to emphasize that
we use the same factors each time. Providing this function to the methods described
above enables the efficient computation of the desired singular values and vectors
of M;.

3.4.3.5 Truncated SVD of the Output Response Moment Matrix Mo
The computation of the truncated SVD of Mo works nearly analogously. Due to the
fact that Mo has a different structure, also the structure in (3.44) changes to

0. ,1 O 2 1

y ol

: mT B %
gyj:lngz 0 6 :: gggxn E (3.45)

VA MoMy -+ Mn— 1
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Algorithm 3.2 Computation of components y', i D 0;:::;n (input response
moment matrix)

Input: System matrices A; E; B; C, vector x, number of moment matrices n, and frequency So.
Output: Vector y D Aix.

1: Initialize yD 0.

2: Compute the inverse P D .soE — A/~ %, please see Remark 3.4.16.
3: % Prepare for loop

4: a D Bx";

5: a D Pa;

6: foriD Oto.n —1/do

7: % Computation of the firstn parts

8: y DCa;

9: % If necessary set up for thenext iteration,
10: ifi @ .n — 1/ then

11: aDEa

12: aD Pa

13: end if

14: % Compute factors, partly by embedded loop
5.  bDCTx}

16: forjD Oto.i—1/do

17: b D P'b;

18: b D Eb;

19: end for

20  bDP

21: % Computation of the last part
22:  y"Dy" @8'b;
23: end for

where also the block structure of x and y changes, such that for i D 0; ::: ;n — 1,

(0] 1 (0] 1 0] 1 0] 1
i Xi X
i B Y|m:Cl C i B)’nm:ClC i B |m:Cl C i B nm:ClC
yDg @ X Y DB % xDf  &: and XDB | &
Y.ici/m Ynmcp X.i c XnmcCp
1/m
Applying matrix vector multiplication, we get again the components y' for i D

0; ::;;n — 1 as follows, leading to Algorithm 3.3:

y'Dmi"x" and y"D mex°C mix*C --- Cmn—1x"1D mix'":

Remark 3.4.16 In line 2 of Algorithm 3.2 and of Algorithm 3.3, we require the
computation of an inverse for ease of notation. In later lines it is easy to see that this
inverse is applied in a matrix-vector product. Hence, the application of the inverse
should be achieved by solving the corresponding linear system of equations, using,
e.g., a pre-computed LU decomposition, or iterative methods.
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Algorithm 3.3 Computation of componentsy', i D 0;::: ;n (output response
moment matrix)

Input: System matrices A; E; B; C, vector x, number of moment matrices n, and frequency So.
Output: Vector y D Aox.

1: Initialize yD 0.

2: Compute the inverse P D .soE — A/~%, see Remark 3.4.16.
3: % Prepare for loop

4: a D C'x";

5: foriD Oto.n —1/do

6: % Computation of the firstn parts

7.y DPa

8: y DBy,

9: % If necessary set up for thenext iteration,
10: ifi @ .n — 1/ then

11: aD Pa

12: aDE g

13: end if

14: % Compute factors, partly by embedded loop
15. b D Bx;

16: b D Pb;

17: forjDOto.i —1/do

18: b D Eb;

19: b D Pb;

20: end for

21: % Computation of the last part
22: y" Dy" Cb;
23: end for

A few points remain to discuss. Looking at Sect. 3.4.3.2, we see that the information
about y M x as well as 'y Dlox is sufficient within the JDSVD due to exploiting
the block structure of A;. Hence, Algorithms 3.2 and 3.3 simplify accordingly.

For high numbers of n both methods, Arnoldi as well as JDSVD, become
numerically unstable. A reasonable number n depends on the specific system and
fortunately is often small in practice. Moreover, for linear circuits with the same
number of inputs and outputs, mostly one moment of the transfer function, i.e.,
n D1, is sufficient.

The question how many virtual terminal Gy.s/ should have, i.e. how many
singular values and vectors of M;and Mo we need to compute, is partly answered
in Sect. 3.4.2. This information influences the tolerances given to the algorithms for
computing the truncated singular value decomposition explained above.

3.5 Summary and Outlook

Linear descriptor systems with more than just a handful of inputs and outputs
appear in a lot of applications. This work motivates the need of MOR for this
kind of systems within the context of IC design and circuit simulation. Three
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basic, widely different approaches, are presented, i.e., reduction based on SVDs
revealing the 1/0O-behavior, a graph partitioning approach, and the interpolation-
based construction of a reduced-order model from measurement data. Afterwards, a
concrete method of the first type, the so-called ESVDMOR, is explained in detail.
The preservation of important properties is shown as well as the approximation
error is analyzed. Furthermore, special attention is given to an efficient truncated
SVD implementation in the framework of ESVDMOR. The performance of the
three proposed ESVDMOR implementations is illustrated using two test cases.
In conclusion, one may say that in all three cases, the approximation of the
magnitude of the frequency response can be achieved satisfactorily, while the phase
approximation suffers from the additional truncation error in the truncated SVD
approaches. Hence, if preservation of the phase is of importance, one has to invest
more computational resources and use the full SVD of the generalized moment
matrices.
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Chapter 4

Coupling of Numeric/Symbolic Reduction
Methods for Generating Parametrized Models
of Nanoelectronic Systems

Oliver Schmidt, Matthias Hauser, and Patrick Lang

Abstract This chapter presents new strategies for the analysis and model order
reduction of systems of ever-growing size and complexity by exploiting the
hierarchical structure of analog electronical circuits. Thereby, the entire circuit is
considered as a system of interconnected subcircuits. Given a prescribed error-
bound for the reduction process, a newly developed algorithm tries to achieve a
maximal reduction degree for the overall system by choosing the reduction degrees
of the subcircuits in a convenient way. The individual subsystem reductions with
respect to their prescribed error-bound are then performed using different reduction
techniques. Combining the reduced subsystems a reduced model of the overall
system results. Finally, the usability of the new techniques is demonstrated on two
circuit examples typically used in industrial applications.

4.1 Introduction

In order to avoid immense time and financial effort for the production of deficiently
designed prototypes of integrated circuits (ICs), industrial circuit design uses
mathematical models and simulations for predicting and analysing the physical
behavior of electronical systems. Hence, redesigns and modifications of the systems
can easily be carried out on a computer screen and tested by subsequent simulation
runs. Thereby, analog circuits in general are modelled by systems of differential-
algebraic equations (DAES), which are composed of component characteristics and
Kirchhoff laws.

The development in fabrication technology of ICs during the last years led to
an unprecedented increase of functionality of systems on a single chip. Nowadays,
ICs have hundreds of millions of semiconductor devices arranged in several layers
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and low-level physical effects such as thermal interactions or electromagnetic
radiation cannot be neglected anymore in order to guarantee a non-defective
signal propagation. Mathematical models based on DAEs, however, have almost
reached their limit and cannot model these effects accurately enough. Consequently,
distributed elements for critical components such as semiconductor devices and
transmission lines are used which yield supplementary model descriptions based
on partial differential equations (PDEs), where also the spatial dependencies are
taken into account. The coupling with DAEs modelling the remaining parts of the
circuit then leads to systems of partial differential-algebraic equations (PDAES).
A spatial semidiscretization finally results in very high-dimensional systems of
DAEs, thus rendering analysis and simulation tasks unacceptably expensive and
time consuming.

Since design verification requires a large number of simulation runs with
different input excitations, for the reasons mentioned above, model order reduction
(MOR) becomes inevitable. Dedicated techniques in various areas of research have
been developed among which the most popular ones are numerical methods taylored
for linear systems. Besides these, there also exist symbolic methods [8, 10, 15, 19,
20], where symbolic means that besides the system’s variables also its parameters
are given as symbols instead of numerical values (see Sect. 4.1.1). They indeed are
costly to compute, but allow deeper analytical insights into functional dependences
of the system’s linear and nonlinear behavior on its parameters by maintaining the
dominant ones in their symbolic form. The basic idea behind these methods is a
stepwise reduction of the original system by comparing its reference solution to the
solution of the so far reduced system by using error functions which measure the
difference between the two solutions. Since the resulting reduced system contains
its parameters and variables in symbolic form, these methods can be seen as a kind
of parametric model order reduction (pMOR). Compared to the standard parametric
model order reduction techniques [4, 12], the symbolic ones can be additionally
applied to nonlinear systems.

In order to avoid infeasibility of analysis and reduction of systems of ever-
growing size and complexity, new strategies exploiting their hierarchical structure
have been developed in the current research project. They further allow for a
coupling of distinct reduction techniques for different parts of the entire circuits.

The corresponding algorithms have been implemented in Analog Insydes [1],
the software tool for symbolic modeling and analysis of analog circuits, that is
developed and distributed by the Fraunhofer ITWMin Kaiserslautern, Germany. It
is based on the computer algebra system Mathematica [21].

The new approach has been successfully applied with significant savings in
computation time to both a differential and an operational amplifier typically used in
industry. The reduced models also proved to be very robust with regard to different
inputs such as highly non-smooth pulse excitations. Thus, the aptitude of the new
hierarchical model reduction algorithm to circuits of industrial size has been shown.
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4.1.1 Symbolic Modeling of Analog Circuits

In the field of analog electronic circuits, there are different ways of modeling of
the devices’ behaviors. The approach Analog Insydes uses is the combination of
Kirchhoff laws with symbolic device models to generate a symbolic system of
differential-algebraic equations. As mentioned before, symbolic means here that
besides the system’s variables also its parameters are given as symbols instead of
numerical values.

For a better understanding, consider the following circuit consisting of a voltage
source V, aresistor R and a diode D.

V() +.2 ] : yl’;_VQ: |

3.3316740" 3vp g

VD T AREA-Is e k -1 +Gmin-Vp=1
q

The resulting system of equations contains the following equations modeling the
current of the circuit by using the resistor’s and diode’s model equations. Additional
to the system variables, like V1,Vp and I, the parameters R, AREA, Is, k, g and Gmin
are also given as symbols. This allows, besides the simulation after inserting the
symbol’s values, to analyse this system symbolically. That means in this case, that
we could just solve symbolically the system for the voltage in node 1 with respect
to the parameters and the voltage at the diode:

- . > >
3:33167.103Vpq

ViDR- AREA-Is e & = —1 CGun-Vo C Vb

The next section follows the notes of [16-18].

4.2 Hierarchical Modelling and Model Reduction

In general, electronic circuits consist of a coupling of blocks such as amplifiers, cur-
rent mirrors, or polarization circuits. Each block itself might have such a structure or
is at least a network of interconnected components like diodes, resistors, transistors,
etc. Consequently, the entire circuit is a hierarchical network of interconnected
subcircuits, where each of these subcircuits may be modelled differently, e.g. based
on netlists, PDEs, or DAEs.
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The main idea behind the new algorithm for hierarchical reduction developed is
the exploitation of the circuit’s hierarchical structure in order to perform different
reduction techniques on the distinct subcircuits. Besides a suitable choice of the
methods according to the modelling of the corresponding subcircuits, this further
allows for a faster processing of smaller subproblems if the administrative cost does
not get out of hand. Furthermore, particularly in the case of symbolic model order
reduction methods, like used in Analog Insydes, larger circuits become manageable
at all.

Standard graph theoretical methods such as the modified nodal analysis (MNA)
for transforming a circuit into a system of describing equations, however, lose the
structural information available at circuit level. Therefore, we developed a new
workflow for separate reductions of single subcircuits in the entire system, which
uses information obtained from a previous simulation run. Since, in general, there
is no relation between the errors of single nonlinear subsystems and the entire
system available, we further introduced a new concept of subsystem sensitivities. By
keeping track of the error on the output, which is resulting from the simplification
of the subsystem, the sensitivities are used to measure the influence of single
subsystems on the behavior of the entire circuit. Finally, these sensitivities are used
to compute a ranking of subsystem reductions. In order to obtain a high degree of
reduction for the entire system, it allows to replace the subcircuits by appropriate
reduced models in an heuristically reasonable order. The details are explained in the
following sections.

421  Workflow for Subsystem Reductions

Assume an electroniccircuit * to be already hierarchically segmented into a set of
m subcircuits Tjand an interconnecting structure S:

" D.fTijiD1;:::;mg;S/: (4.1

As already mentioned, each T;itself might be recursively segmented into a set of
subcircuits and a coupling structure. However, here we only consider a segmentation
on the topmost “level 0”. If one simply applies methods such as MNA to the circuit
"~ in order to set up a set of describing equations, the resulting equations generally
involve mixed terms from different subcircuits. In order to maintain the hierarchy
information available on circuit level, in a first step the subcircuits are cut out from
their connecting structure (cf. Fig. 4.1). Each subcircuit T is then connected to a
test bench (a), i.e. a simulation test environment, where the voltage potentials at
its terminals are recorded during a simulation run. For example, by simulating the
original entire circuit, for each subcircuit T the interconnection of the remaining
ones act as a test bench for T.

Note that the reduced model generated by the described method depends strongly
on the input signals used. Thus, the input signal of the circuit has to cover the
technical requirements of the later usage.
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Fig. 4.1 Subsystem reduction via test bench approach

In a second step, the terminals of T are connected to voltage sources that generate
exactly the recorded voltage potentials! (b). Hence, one has a closed circuit Cr with
a defined input-output behavior at the terminals of T. A method such as MNA is
used to set up a describing system Fr of equations? for Cr. Next, Frcan be reduced
using arbitrary appropriate symbolic or numeric reduction techniques (c).

In a last step, the voltage sources at the terminals of the reduced model Frare
removed (d). Since the terminals of the subsystem are preserved during the reduction
process, the original subcircuit T in = can easily be replaced by the reduced model
Fr of Fr, thus using the same interconnecting structure S as introduced in (4.1). The
entire procedure is repeated several times for each subcircuit Tijin =, thus yielding
collections of reduced models for each Ti. The whole workflow is summarized in
Algorithm 4.1.

It should further be mentioned here that this approach only controls the errors
at the terminals of the single subcircuits. A priori, one cannot guarantee a certain
global error, i.e. the error on the output of the entire circuit =, when replacing the
original subcircuits T;by reduced models Fr,. Thus the following algorithms were
introduced to control the global error during the process.

For doing it best, we first have to determine the voltage and current sources of the circuit that
can act as inputs. Thus, the corresponding independent value of each port has to be considered as
output. If you connect a voltage source at a port p this would be the current through port p, and
vice versa.

For simplicity, we use here voltage sources as inputs and the currents as outputs. Besides of
that, it turns out that residual based solvers simulate analog circuits containing transistors faster
and more accurate if the voltages are given at the circuit’s ports instead of the currents.
2Assume we are dealing with systems of DAEs. If PDEs are involved, apply a semidiscretization
w.r.t. the spatial coordinates.
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Algorithm 4.1 Reduction of subcircuits
Let T D Tibe a subcircuit in an electronic circuit - D.fT;jiD 1;::;mg;S/.

a. Connect T to a test bench and record the voltage potentials at its terminals during a simulation
run applying a suitable input.

b. Remove the test bench and connect grounded voltage sources to the terminals of T that generate
exactly the recorded voltage potentials, thus having T isolated as a closed circuit Cr ; further,
set up a describing system of equations Fr for Cr.

c. Reduce Fr by using appropriate symbolic or numerical reduction techniques, where the voltages
at all terminals of Cr are the inputs and the currents (flowing inwards) are the outputs. Here a
family of reduced subsystems with different size and approximation quality is generated.

d. Remove the voltage sources at the terminals after the reduction and finally obtain a family of
reduced subsystems, where each reduced subsystem €1 serves as a behavioral model of T.

422  Subsystem Sensitivities

In general, there is no relation between the error of the entire system and those
of its nonlinear subsystems known. Therefore, in order to use reduced models of
appropriate degree for the subsystems, in this section, we investigate the influence
of single subcircuits Tion the behavior of the entire circuit = given by (4.1). This
offers a high degree of reduction also for ~ .

Thegoalhereistohavean estimate ofasubcircuit’s sensitivity, i.e. the sensitivity
of - with respect to changes in the corresponding subcircuit’s behavior. Our
novel approach measures the sensitivity by observing the influence of subcircuit
reductionsontheoutputof - andfinally leadstoarankingof subcircuit reductions,
i.e. an heuristically optimized order of subcircuit reductions.

Usually, the term sensitivity analysis in the background of electronic circuits
means the influences of single components or system parameters on certain circuit or
network variables. In that case, the absolute sensitivity of a variable z w.r.t. changes
in a network parameter p is defined by

sa.Z,p/ D @zvv ; (4.2)

~

@p pDpo

whereas .

sr.z;p/ D p @zv Dp-saz;p (4.3)
@p prg
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is the relative sensitivity of z w.r.t. p. In the two equations above, po is the nominal
value of p. Note that

Sa.Z;p/ = z 5 D 7I—e (4.4)

p pDpo po—e

is an approximation of sa using perturbed valued2 ze&p/and p of D z.p/and
p do. While z  Dpo/ corresponds to a simulation of = using the parameter
p o, z B obtained by using the perturbed parameter pOp during the simulation
run.

Since we cannot derive the outputy of = w.r.t. one of its subcircuits, we imitate
the meaning of Eq. (4.4) by replacing a single subcircuit T in (4.1) by a perturbed
version®, i.e. byareduced model Frofitsdescribing system of equations. Note that
any other subsystemin = remainsoriginal, only T isreplaced by one of itsreduced
models. We then simulate the configuration of = athand and comparethe original
outputy, i.e.thereferencesolution,totheperturbed entire system’s outputy.

By Definition 4.2.1, the sensitivity of the subcircuit T in =~ is defined as the
vector of tuples containing the reduced models and the resulting error on the
perturbed entire system. For simplicity, we will not distinguish between subcircuits
and the corresponding describing subsystems based on equations and denote both of
them simply by T.

Definition 4.2.1 Let "D. Tii ;D ; m ; §/ be an electronic circuit of
interconnected subcircuits Ticonnected by a structure S. Let furthetDT Ti be
one of the subcircuits in ~. The sensitivity of T in ~ is the vector

. z
stD .@YEyiyeull;: " Ey yamil/ (4.5)

that contains tuples of reduced models -/ for T and the resulting error E.y;y g i/
on the original outputy of ~ . In this notation, y ¢ is the output of the corresponding

system

’ej,D-f'gj’g[fTijiD1;:::;mgnng;Sz; (4.6)

whgre T in comparison to the original circuit " isreplaced by its jth reduced model

In this definition, -/
by nonlinear symbolic model order reduction and an accepted error of 10% or by

A”&%% %%Pﬂ?e%%ﬁ‘%iﬂ%}%} %I?H%B%S)s%g)ﬁlgms e; ywhich are the same as ~

itself except for exactly one subsystem, namely T, thats replaced by a reduced

. ¥ s . .
version €. Note further that these sensitivities depend again on the chosen input
signals, as for the method introduced in Sect. 4.2.1.
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Remarks 4.2.2 The sensitivity notion in Definition 4.2.1 can be further augmented
by replacing the corresponding error E.y; y ¢ i/ by a more general ranking expres-
sion that takes also additional subsystem criteria, like system size and sparsity, into
account [9].

The next section describes how to use these sensitivities in order to obtain an
heuristically reasonable order of subsystem reductions for the derivation of a system,
that consists of reduced subsystems. Basically, the entries of the sensitivity vector
of each subsystem are ordered increasingly with respect to the error on y. Then,
following this order, the corresponding reduced models are used to replace the
subsystems in ~

423  Subsystem Ranking

In this section, we present a strategy that allows an appropriate replacement of the
subsystemsof = bytheirreduced modelsinareasonable order. Thenewalgorithm
presented here uses a ranking for deriving a hierarchically reduced model of the
entire system ~

The basic idea behind the algorithm is ordering the reduced models of each
subsystem increasingly w.r.t. the error®on the output y of = and subsequently
performing the subsystem replacements according to this order. After each replace-
ment, the accumulated error of the current subsystem configuration is checked by
asimulation. If the user-given error bound " for the error of the entire system = is
exceeded, the current replacement is undone and the tested reduced model is deleted.
Otherwise, thenextreplacementisperformedandtheprocedureisrepeated.

Let 5_‘”denote the jth reduced model of the subsystem T;. For each Tiin = we
define a\ector Liwhich contains the entries of s rand is increasingly ordered with
respe((:)t/ to the error E.y; yEi.,-//.TheoriginalsubsystemsTiof " aretheninitialized

b)_/ql‘ii‘i . In each iteration of the hierarchical reduction algorithm, the subsystem
€, that corresponds to the minimum entry 4 of the vectors L; replaces the current
(reduced) model qu"‘that is used for Tpin ~ . If the resulting accumulated error on
the outputy of = exceedsthe user—specifi%gl error bound '_'qghe corresponding latest
subsystem replacement is undone, i.e. €, is reset to T, in ~. Furthermore, all
reduced subsystems of subsystem T, are deleted, since we assume that worse rated
subsystems would also exceed the error bound. Otherwise only the corresponding
sensitivity value . B % E.y; y _q/// of the tested reduced subsystem Téf’ isdeleted
from the vector L,. This procedure is repeated until all the vectors L; are empty. For
a better overview of this approach see Algorithm 4.2.

3See Remarks 4.2.2.
4Minimal with respect to the corresponding error E.y; Ve il
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Algorithm 4.2 Heuristically reasonable order of subsystem rgplacements

Input: segmented electronic circuit =~ D T f TijiD1;:::; mg;S l_, input u, error bound "

reduced subsystems, E.yey /<", and whereé/ - is the outpuenf -

1: for all subsystems T; do
2: Li WD order.st/ w.rt. E.y; yea it/

&  T1Y%WDT
4: engor

5:LWD .Lg; i Ll F set starting point
6: €WD -

7. y WD solve. ~;u/ F calculate reference

8: while L D ;doy, min

9: compute . E.y; Y@y // WD o -min.Li// wrt E.y;ya i/ F choose reduced
subsystem

10: replace current @%by @,.a/

11: update.©/ F update and solve new reduced overall system

& y WD solv€-;u/

13: ot e

L4y edplptéentry & Ey; ygy// in L

15: if "out =" then F check resulting error
16: if dimension.Lp/ D Othen

17: delete®entry Lpin L

18: end if

19: else al o/

20: reset®p to Tp F undoreductioniferrorexceedserror bound
21: update. €/

22: delete®entry Lpin L

23: end if

24: end while

Remarks 4.2.3 Note that Algorithm 4.2 can further be improved, e.g. by a clustering
of subsystem replacements, where reduced models that cause a similar error on y are
bundled in a cluster. Thus, costly multiple simulations for computing the solution
@ of the so far reduced entire system € are avoided, since they are performed only

once after a whole cluster of subsystem replacements is executed. In case the error
bound is still not violated, we can continue with the next cluster of subsystem

5 For a vector X D .xq;:::;%/, deleting the entry x in X means, that a vector R D
X1; 5 Xi—1; Xica; 155 Xl of dimension n — 1 results.
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replacements. Otherwise, however, all replacements in the current cluster have to
be rejected and it has to be subdivided for further processing.

Another idea for further improvements is the use of approximate simulations
such as k-step solvers which quit the Newton iteration for computing the system’s
solution after k steps. Thus, one obtainsanapproximate solutiorey = y for the output
of the so far reduced system € which can be used for the error check E.y;lf < "
instead of @

424  Algorithm for Hierarchical Model Reduction

To combine all the considerations of the preceding sections, the algorithm for
hierarchical model reduction exploiting the hierarchical structure of electronic
circuits is set up. It is schematically shown in Fig. 4.2.

Remarks 4.2.4 Since electronic circuits even nowadays are designed in a modular
way using building blocks of network devices and substructures such as current
mirrors and amplifying stages, the hierarchical segmentation of an electronic circuit
is given in a more or less natural way. Otherwise, the segmentation has to be
made manually or by using pattern matching approaches[13] in order to detect
substructures in the entire circuit.

Note that the presented algorithm (cf. Fig. 4.2) can be applied recursively to the
subcircuit levels such that a hierarchically model order reduction results.

4.3 Implementations

The algorithms of the preceding sections have been completely implemented in
Analog Insydes [1] and the approach for hierarchical model reduction was fully
automated. It is divided into three main procedures

¢ ReduceSubcircuits,
* SensitivityAnalysis,and
* HierarchicalReduction

that have to be executed sequentially. Each of the above procedures takes several
arguments among which there are some optional ones.

ReduceSubcircuits iscalled with the specification of an already segmented
netlist of the circuit which is to be hierarchically reduced, the specification of the
reduction method for each subcircuit, the simulation time interval necessary for
recording the voltage potentials at the ports of the subcircuits, and several optional
parameters. In accordance with the provided data, the procedure then computes the
reduced models for all the specified subcircuits and appends them to the original
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| circuit netlist |

| hierarchical netlist |

l

choose reduction methods
for subsystems

l

reduce subsystems
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l

| sensitivity analysis |
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| subsystem ranking |

replacesubsystemincircuit

,—’ byreduced modelaccording

- tosubsystemranking
delete list

of subsystem \I/
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error okay?

delete entry in subsystem list

higher degree

of reduction? yes

reduced
entire system

Fig. 4.2 Schematic illustration of the full algorithm for hierarchical model reduction using
subsystem sensitivities.

circuit object. This offers an easy switching among the respective models for a single
subcircuit.

The return value of ReduceSubcircuits, i.e. the hierarchically segmented
circuit object together with the reduced models of each subcircuit, is then used as
parameter of the function SensitivityAnalysis. Inaddition, the names of the
reduced models, a specification of the output variables, the simulation time interval
for the error check, and the error function itself to measure the error on the reference
solution y are provided. The procedure computes the sensitivity vectors of each
subcircuit and returns them ordered increasingly w.r.t. the error on y.

Finally, HierarchicalReduction needs a specification of the entire circuit
and its reduced subcircuit models, the global error bound, the output variables, the
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sensitivities returned by SensitivityAnalysis, the simulation time interval
necessary for the error check, and several optional arguments. Then the subsystem
replacements are performed according to the sensitivities and the accumulated error
is checked after each replacement (Algorithm 4.2). The procedure terminates when
all sensitivity lists have been processed and deleted.

In addition to the above, there have been implemented several data structures and
operators for their manipulation, as well as some well-known reduction algorithms,
transmission line models—based on a discretization of a PDE model—and further
components based on general state space systems. We further implemented some
environments to test the above procedures and functionalities. However, we will not
go into detail here, for an overview we refer to [16].

4.4 Applications

In order to demonstrate the large potential of the new hierarchical reduction
approach, it is applied in time domain to two analog circuit examples that are typical
representants of components used in industrial circuit design. The results of the
hierarchical reduction of the two circuits are compared to the direct non-hierarchical
approach. Furthermore, some additional input excitations are applied to the circuits
in order to show the robustness of the derived reduced models.

Note that we present here the application of the introduced methods on circuits
containing strongly nonlinear devices to demonstrate the ability of the approach in
the field of nonlinear analog circuits.

441 Differential Amplifier

The differential-amplifier circuit shown in Fig. 4.3 consists of five subcircuits
DUT, DUT 2,L 1, L 8, and L 9, where the latter three ones are transmission lines
connecting the supply voltage sources vCC and VEE and the input voltage source
v1 with the remaining parts of the circuit. For the modelling of the transmission
lines, we take a discretized PDE model, namely, the telegrapher’s equations (cf.,
e.g., [6-7, 11]), with 20 line segments each. While vCC and VEE generate constant
voltage potentials of 12 V and-42 V, respectively, the input voltage generated by
V1 is a sine wave excitation with an amplitude of 2 V and a frequency of 100 kHz.
Finally, the computations are performed on a time interval | EE0:s; 10 °s].

Using MNA to set up a system of describing DAEs yields 167 equations
containing 645 terms (on “level 0””). A non-hierarchical symbolic reduction of the
entire system then needs approximately 2 h and 11 min,® where most of that time

5The computations are performed on a Dual Quad Xeon E5420 with 2.5 MHz and 16 GB RAM.
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Fig. 4.3 Differential amplifier with its intuitive hierarchical segmentation into five subcircuits
DUT,DUT 2,L 1,L 8, and L 9.

(85%) is needed for the computation of the transient term ranking.” Due to this,
the computational costs are approximately the same for all choices of the error
bound ". The error function used first discretizes the time interval | to a uniform grid
of 100 points and then takes the maximum absolute difference of the two solutions
on this grid as a measure for the error.

With " equal to 3% the system is reduced to 124 equations and 416 terms, while a
permitted error of 10% narrows these numbers down to 44 equations and 284 terms.
The results are shown in Fig. 4.4. Note also that the error bound of 10% is fully
exploited.

In contrast to the immense time costs of the non-hierarchical approach, the new
algorithm for hierarchical reduction reduces the entire system in only 4 min and
50 s. The subcircuits DUT and DUT 2 are reduced symbolically by using a sweep
of error bounds

sw D f1%; 10%; 50%; 90%; 100%g; 4.7

such that each subsystem yields 5 reduced subsystems. The three transmission lines
L 1, L 8, and L9 are reduced numerically by applying Arnoldi’s algorithm [2, 3].

A term ranking is a trade-off between accuracy and efficiency in computation time that estimates
the influence of a term in a system of equations on its solution. Here, however, we use full
simulations instead of low-accuracy estimates. For more details see [20].
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Fig. 4.5 Left: Solution of the original (solid) and the reduced system (dotted) allowing 3% (first
row) and 10% (second row) maximum error, respectively. Right: The corresponding error plots.
The input v1 is 2 - Sin.2110%/ Volts

For L1 there are five reduced models computed by performing the Arnoldi iteration
for up to 5 steps, and for L8 and L9 there are made only up to 3 steps, thus yielding
three reduced models each for L8, and L 9.

For " B% the resulting reduced overall system contains 62 equations with 315
terms, and " 0% leads to a reduced overall system with 60 equations and 249
terms. The solutions of the original and the respective reduced systems are shown
in Fig. 4.5 together with the corresponding error plots.

In this case we conclude that the hierarchical reduction approach is more than
26 times faster than the non-hierarchical one. Also the number of equations of the
reduced model in the 3% error case could be halved. Moreover, by applying further
input excitations to both the original and the hierarchically reduced system with
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Fig. 4.6 Left: Solution of the original (solid) and the reduced system (dotted, D 3%) together
with the input excitation (dashed). Right: The corresponding error plots

" B, it turns out that the derived model is very robust, even w.r.t. highly non-
smooth pulse excitations (cf. Fig. 4.6). Note further that the simulation is accelerated
approximately by a factor of5.

442  Reduction of the Transmission Line L1 by Using an
Adapted PABTEC Algorithm

The tool PABTEC [14] uses the Balanced Truncation reduction technique to reduce
the linear parts of an analog circuit. Please refer to Chap. 2.6 for further informations
about this software.

To demonstrate the coupling of the introduced algorithm with a numeric model
order reduction method, we use PABTEC to reduce the linear transmission line L 1.
The remaining subcircuits DUT, DUT 2, L 8, and L9 have been reduced by the
same methods shown in the example before. In doing so, the original entire system
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Fig. 4.7 Left: Solution of the original (solid) and the reduced system (dotted) together with the
input excitation (dashed). Right: The corresponding error plots. The first row corresponds to the
reduced system obtained by allowing an error of " D 3%, while the second row shows the results
for " D 10%. The input v1 is 2 - Sin.2110%/ Volts

consists of 191 equations containing 695 terms. Applying the hierarchical reduction
algorithm with error bounds " D 3% and " D 10% then needs about 8 min and
20 s and vyields systems with 96 equations and 2114 terms and 84 equations and
1190 terms, respectively. The results of their simulation (speed-up by a factor of
approximately 5) are shown in Fig.4.7.

443  Operational Amplifier

The second circuit example to which we apply the new algorithms is the operational
amplifier op741 shown in Fig. 4.8. It contains 26 bipolar junction transistors (BJT)
besides several linear components and is hierarchically segmented into seven
subcircuits CM1-3, DP, DAR, LS, and PP. For a detailed description of their
functionality in the interconnecting structure we refer to [16, Appendix C].

The goal is a symbolic reduction of the entire circuit in time domain with an
overall error bound of " D 10%. While the input voltage source Vid provides a sine
wave excitation of 0:8 V and 1 kHz frequency on a time interval IDEQ s; 0:002 s] to
the system, its output is specified by the voltage potential of node 26. The input
together with the corresponding output, i.e. the reference solution, is shown in
Fig. 4.9. Note that the reference solution is pulse-shaped and, thus, the standard
error function used for the differential amplifier in the preceding sections may
lead to large errors for small delays in jumps of the solution. Hence, even with a
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Fig. 4.8 Operational amplifier op741 composed of seven subcircuits CM1-3, DP, DAR, LS, PP
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Fig. 4.9 Input voltage excitation (left) and the corresponding reference solution (right) of the
operational amplifier op741

prescribed error bound of 10%, the system might not be reduced at all. In order to
cope with these problems, here we use the L 2-norm as error function.

Using MNA to set up a system of describing DAEs for the entire system yields
215 equations and 1050 terms. The direct non-hierarchical symbolic reduction
method needs more than 10:5 h and yields a system containing 97 equations and
593 terms. At the same time, providing a sweep of error bounds

sw D f2%; 10%; 20%; 30%; 50%; 70%; 90%; 100%g (4.8)
for the separate symbolic reduction of all seven subcircuits and applying the

hierarchical reduction algorithm needs only 2 h and 22 min. The resulting system,
however, consists of 153 equations and 464 terms, which can be narrowed down to
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Fig. 4.10 Output of the voltage [V]
original (solid) and the hybrid
reduced entire system (dotted)
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Table 4.1 Overview of the results of the reduction of the operational amplifier op741

Original system: 215 equations, 1050 terms, 26:0s simulation time

Error fct. Non-hierarchical Hierarchical | Hybrid

L2-norm | Time costs 10:5h 2:55h <4h
Equations/terms | 97=593 139=362 34=92
Error 2:51% 7:16% 5:68%
Simulation time | 16:0 s 11:4s 2:2s

= Time costs >12 h 255h <4h
Equations/terms | 80=405 132=336 34=93
Error 0:37% 0:08% 5:32%
Simulation time | 9:5s 13:1s 2.0s

The computations were performed on a machine with 8 Quad-core AMD Opteron 8384 “Shanghai”
(32 cores in total) with 2:7 GHz and 512 GB RAM on a SUSE Linux 10:1 system

139 equations and 362 terms by slight manual improvements® of the hierarchical
reduction algorithm.

Considering the obtained systems as interim solutions and applying a second
non-hierarchical symbolic reduction then reduces the size drastically and leads to
a model with only 34 equations and 92 terms. Simultaneously, there are almost
no further changes for the non-hierarchically reduced system with 97 equations.
Note that the additional time cost is less then 1:5 h, while the simulation time of the
“hybrid” reduced model is significantly decreased.

Figure 4.10 offers a qualitative impression of the results obtained by the hybrid
approach. Furthermore, earlier results involved a newly designed alternative error
function E* which is less sensitive with respect to small delays in jumps of the
system’s solution.

Table 4.1 provides an overview of the best results obtained by the three different
approaches. See also Fig. 4.11 which offers some details about the accuracy, time

8Due to the structure preserving reduction method, the resulting reduced model contains equations
connecting the models of the subcircuits, that can be avoided, like: Voltage of node 24 of
subcircuit LS is equal to the voltage of node 24 of subcircuit PP.

Unifying the corresponding variables (i.e. V$24$LS and V$24$PP) yields a decrease of the
number of equations.
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Fig. 4.11 Summary of the reduced models of the op741 amplifier obtained by the three different
reduction approaches. The boxes contain the number of equations/terms of the reduced models,
the time costs of a simulation using the original sine wave excitation, and the error on the output

vs$26 of the original amplifier
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costs for simulation, and number of equations and terms of the different reduced
models. We will not go into detail here, for further information we refer to [16]
instead.

With a view towards the robustness of the derived models, we apply some
further input excitations, namely, a sine wave with 3 kHz frequency, a sum of sine
waves of 250, 500, and 2000 Hz, and a pulse excitation of 250 Hz. In addition to
almost perfectly coinciding output curves of the corresponding reduced models
(cf. Fig. 4.12), the speed-up in simulation time is up to a factor of 19, see Table 4.2.
The presented systems are identified by their number of equations and terms.
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Table 4.2 Speed-up of simulation of a hybrid reduced entire system w.r.t. the original one

System Voltage pulse 3 kHz Sine wave Sum of sine waves
215 D 1050 106 s 273s 104 s
34D 92 6W6s 14W1ls 10W5s

4.5 Conclusions

To conclude this chapter, we briefly summarize the results: The new hierarchical
reduction approach offers enormous savings in computation time, a significant
speed-up in system simulations, and yields good reduced models w.r.t. the error,
the number of equations and terms of the original system. Moreover, even for
highly non-smooth pulse excitations, the reduced models turn out to be very robust.
The developed methods were applied to two model classes, circuits consisting of
nonlinear subcircuits and circuits containing subcircuits modelled by PDEs, that
demonstrated the large potential of the new algorithms.
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Chapter 5

Low-Rank Cholesky Factor Krylov Subspace
Methods for Generalized Projected Lyapunov
Equations

Matthias Bollh&der and AndréK. Eppler

Abstract Large-scale descriptor systems arising from circuit simulation often
require model reduction techniques. Among many methods, Balanced Truncation is
a popular method for constructing a reduced order model. In the heart of Balanced
Truncation methods, a sequence of projected generalized Lyapunov equations has to
be solved. In this article we present a general framework for the numerical solution
of projected generalized Lyapunov equations using preconditioned Krylov subspace
methods based on iterates with a low-rank Cholesky factor representation. This
approach can be viewed as alternative to the LRCF-ADI method, a well established
method for solving Lyapunov equations. We will show that many well-known
Krylov subspace methods such as (F)\GMRES, QMR, BICGSTAB and CG can be
easily modified to reveal the underlying low-rank structures.

51 Introduction

The numerical simulation of large-scale integrated circuits nowadays approaches
system sizes of several hundred million equations. This ever-increasing size has
several sources; one of which is the accelerating scale of miniaturization, another
reason is the increasing density of the integrated devices. The simulation of
the complete system requires many simulation runs with different input signals.
These simulation runs would be impossible to compute in acceptable time using
the original system. Instead it is necessary to replace the original system by a
significantly smaller reduced model which inherits the essential structures and
properties of the original system as, e.g., passivity and stability. To deal with this
problem model order reduction techniques (MOR) have turned out to be a key
technology in order to generate reduced models. Among the most popular methods
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for MOR are those based on Krylov subspace method or Balanced Truncation (BT)
[3, 11, 30]. For problems arising from circuit simulation in particular passivity-
preserving balanced truncation methods [33, 34, 45] are of particular interest, since
beside reducing the circuit to a reduced order model, major important properties
like stability and passivity have to be preserved to obtain a physically correct model
(see also Chaps. 2 and 3). Another frequently used method mainly applied to partial
differential-algebraic equations (PDAE) is the Proper Orthogonal Decomposition
(POD) method, cf. [16, 26], Chap. 1.

This article is organized as follows. In Sect. 5.2 we will give a brief introduction
to balanced truncation which is the motivation for our methods and requires to
solve several sequences of generalized projected Lyapunov equations. This includes
existing numerical methods for solving Lyapunov equations. In Sect. 5.3 we will
present our novel approach for generalized projected Lyapunov equations based
on Krylov subspace methods. Finally we will use several examples from circuit
simulation, as well as other examples, to demonstrate our approach in Sect. 5.4.

5.2 Balanced Truncation

The basis for the numerical methods for generalized projected Lyapunov equations
presented in this paper are those using Balanced Truncation (BT). In particular
passivity-preserving Balanced Truncation methods will be of special interest for
model order reduction techniques applied to circuit simulation problems.

521 Introduction to Balanced Truncation

To start with the idea of Balanced Truncation we consider a linear time invariant
descriptor system

ER D Ax C Bu . n;n. n;m. p:n. p:m
y D Cx C Du where A;E2R" B2R" C2R" D2R
such that m; p n. Numerical methods for MOR replace E, A, B, C by smaller
matrices €, A, B, € such that for all matrices the initial dimension n is replaced by a
suitable | n,ie, A& 2R, B 2R"™ € 2RP!,

When using Balanced Truncation the reduction of the model is done by multi-
plying with matrices W2R"", T R™ in order to obtain the reduced descriptor
system

.E;A;B;C;D/ ¥ .E:A:B;€;D/D .WET; WAT;WB;CT;D/:
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The transformation matrices W and T are constructed using the solutions of
generalized Lyapunov equations, the so-called proper controllability gramian Gpc
and the proper observability gramian Gpo. When E is singular one also has to take
into account the improper controllability gramian and the improper observability
gramian, for details we refer to [34]. For the computation of a reduced model we
have to compute XDGpe and Y O5p by solving the projected generalized
Lyapunov equations

EXATC AXETC PBB™PT D 0; where X D PXPT; (5.1)
ETYACATYE CP'CTCP,D 0; where Y D PTYP;:

Here Py, Py are obtained from the Weierstrass canonical form for .E; A/. To do so
we assume that det. A—hE/ 60. In this case there exist nonsingular V and Z such
that

> >

"Jo
:VTIAZ D
’ 0l

10

V—IEZ D 2
ON (5-2)

Here J; N denote matrices in Jordan canonical form where N nilpotent. The left and
right projection of .E; A/ to

z

. Oz
z71 (5.3)

i "Jo
.PIEP;;PAP,/D V v
| r, Pl r 00 00

yields the projectors Py and Py of the matrix pencil hE=A with respect to the
subspace of finite eigenvalues. By solving (5.1) we obtain symmetric, positive
semidefinite solutions X D RRTandY D LLT, provided that the eigenvalues
of J from (5.2) are located in the open left half plane. In many application
problems for MOR in circuit simulation the matrices X, Y are numerically of
approximate low rank. Using the singular value decomposition of LTER and LTAR
the balanced system is built. This way some general properties such as passivity
are not necessarily preserved. To even preserve passivity it is necessary to solve the
projected Lur’e equations [33], see also Chap. 2. In some special cases these in turn
can be traced back to algebraic Riccati equations of the form

EXATCAXETC.EXCT—P\B/TR™*.EXCT—P|B/ D 0; where X D P XPT,  (5.4)
and

ATYECE'T YAC.BTYE—CP/"R™.BTYE—CP// D 0; where Y DPTYP;:  (5.5)
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For details we refer to [33, 34]. Solving Riccati equations using Newton’s method
or the Newton-Kleinman method [4, 44] (cf. also Sect. 2.5.2) requires solving a
sequence of projected, generalized Lyapunov equations of the form

EXkAL C AXETC PBBTR™ P 0; where Xk D PiXkPT; | (5.6)
ETY\A«C ATYE C PTCTGP; D 0; where Y D PTY,Py:

Compared with the original pencil .E; A/, the matrix A¢in .E; Ay/ is obtained from
a low-rank correction of A. For large-scale sparse systems arising from circuit
simulation this allows for the computation of sparse approximations (resp. sparse
factorizations) of .E; A/ and then to transfer these approximations to the pencil
.E; A/ using the Sherman—Morrison—Woodbury formula [14] with respect to Ax.

522 Numerical Methods for Projected, Generalized Lyapunov
Equations

We will now describe in detail how projected, generalized Lyapunov equations of
type

EXATC AXETC PBB'PT D 0; where X D P:XPT, (5.7)

are solved numerically. For simplicity we restrict ourselves to solving a single
equation of this type which is at the heart of Balanced Truncation methods and
in practice such equations have to be solved frequently, e.g. once per iteration in
Algorithm 2.7.

One of the most commonly used methods for solving (projected) generalized
Lyapunov equations is the ADI method [28, 31, 44, 47]. The ADI method for
solving (5.7) consists of a sequence jD; 2; 3; : : : of steps, which is decomposed
into two half-steps

.E C jA/IX:1AT D —PBB"PT— AXj_1.E — jA/T;
= I
AXE C jAI"D —PBB'PT— .E — "jA/X;_ %AT:
) ) 2

From these two coupled equations we successively compute Xj .. Here
‘15 "2; ‘3;iin refer to shift parameters that have to be chosen appropriately to
achieve convergence, see [32, 47]. Starting with X0 and using that the right
hand side PBB'P[ is symmetric and positive semidefinite one can easily verify

that all iterates XjB;R™ gre also symmetric and positive semidefinite. This can be
used explicitly in the ADI method to represent the iterates by low rank Cholesky
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Algorithm 5.1 LRCF-ADI for generalized, projected Lyapunov equations (5.7)
1: Comptqe shift parameters “1;:::; 't
2: 21D —JRe. /.ECA/'PB

: RDzg]

w

) )
=57 zi_1—. iC N_1/.E C A/ 1Azi

~N ook
N
L
O
T.
|
5]

RiD  —2Re."j/f.E C jA/~'PiBg; f.E C "jA/1.E — NA/Rj_1g :

For the generalized case, the projectors Prand Prfrom (5.3) ensure that if R—1 D
P/Rj—1, then we also obtain Rj DP;R;jand thus X; BX;PT hqlds.

The matrices of type .E "jA/, .E ~jA/—t commute with each other independent
on the choice of ‘j. This observation has been used in [28] to reduce the numerical
complexity of the computation of Rj by one order of magnitude. This has lead to the
Low-Rank Cholesky Factor-ADI Method (LRCF-ADI) and can be described for the
case of general and projected Lyapunov equations by Algorithm 5.1.

For the convergence of the ADI method the choice of the shift parameters
‘1; “2;::: is essential. For the case where B | and A is symmetric and positive
definite optimal shift parameters are known [47]. In general one often has to work
with heuristic parameters as, e.g., in [31, 32] although asymptotically optimal shifts
can be determined by Fejé&-Walsh points [43] or Leja-Bagby points [27, 42]. Also,
recent global optimization strategies to approximate optimal shifts have lead to
promising results [38].

53 Low-Rank Cholesky Factor Krylov Subspace Methods

The objective of this article is to describe novel numerical solution methods for
projected generalized Lyapunov equations based on low-rank Krylov subspace
methods. These are frequently used as core part of the model order reduction
approach. In principle ADI methods belong to the class of iterative methods for
solving the linear system (5.7). This can be equivalently rewritten as

LX D B;
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where L DE "~ ACA " Ecorrespondstothe Lyapunovoperatorin (5.1), X D
vec.X/ and, B D vec.—P;BBTP1/. Our goal is to preserve the matrix structure as
well as the low-rank structure of the Lyapunov equation (5.7), while at the same
time the benefits of structure-preserving preconditioned Krylov subspace methods
applied to LX D B will be exploited.

531 Low-Rank Krylov Subspace Methods

Krylov subspace methods without preconditioning consist of series of matrix-
vector multiplications, scalar products and linear combinations of vectors. The
residuals Rk DB —L X, are located in spanfRo; L Ro;::: ;L *!Rg and
the approximate solutions Xa, respectively, can be represented by elements of
the space Xo s@an R& L Ro;::: ; L ¥ 'Ro gFor two-sided Krylov subspace
methods such as BiCG or QMR, multiplications with the transposed matrix also
have be taken into account. Here as part of the solution process, both Riccati
equations (5.4), (5.5) could be treated simultaneously solving both associated linear
equations (5.6) in common. This follows from the property of two-sided Lanczos
. . SR ToT .
A e LA gé’ep‘“‘féféﬁéf B e ol e REERO e
to be slightly modified to explicitly compute the additional approximate solution.
While the iterates are located in a Krylov subspace on one hand, on the other
hand we have that the right hand side —P;BBTP" of the Lyapunov equation, as
well as the approximate solution XCRRT, can be represented as symmetric low-
rank matrices. The obvious approach to migrate both structures for adapted Krylov
subspace methods consists of keeping all iterates of the Krylov subspace method in
symmetric low-rank format. This in turn yields elementary operations for iterates
of type Zi D QiMiQ™; where M; D MT ;i D 1; 2 are also symmetric but of much

smaller size than Zi. We set Z; D vec.Zi/ and note that elementary operations are
translated as follows:

» LZiisequivalentlywrittenas
5 -
EZATCAZETDIEQ :AQ] ° M (EQ QT
! ! ”l f_%-' M? Q_ ”_:Ef,—i-

DWQZ 9% DW!
DIM2 Q

+ analogously, L TZ1 is represented by
s .

OMl T

1

o oo ”Mz ° S

b3 s 5 5
E'Z AC ATZ ED ETQ ;lATQ ) E'Q; {ATQ
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+ linear combinations ,Z1 C“Z; can be traced back to
5 <

zcz,pQ;q] <M ° Q;:QJ
,,'f _f,_ . f -
DIQ; s DiMz .. D‘.'AQ%

« finally, scalar products are easily computed using the trace of matrices by
Z.,'Z, D trace.Z] Z,/ D trace.Z1Z,/:

This shows that in principle Krylov subspace methods can be set up such that all
iterates are represented by symmetric low-rank matrices.

5.3.2 Low-Rank Cholesky Factor Preconditioning

If we wish to supplement a Krylov subspace solver with an additional precondi-
tioner, then in the worst case the low-rank structure of the single iterates is lost.
This holds even for the simple example of diagonal preconditioning. Instead the
preconditioner has to be adapted such that the low-rank structure is inherited. The
natural choice for a preconditioner in this case is obtained from the LRCF-ADI
method. Given Z1 D Q:M:Q", we can apply t steps of the LRCF-ADI method from
Sect. 5.2.2 starting with a right haLnd side Cholesky factor B WD Q1. This way we

obtain the LRCF-ADI factors R} jpy:... Which in turn yield a symmetric low-rank
matrix ~u
LRCF-ADI
QMiQ]—!BWDQ: —! Ri—!Ri.li”" M/ R":
for B D Q1

Using ADI we obtain in a canonical way that the composed system
Re.lt ™M1/ R+ Q2M2Q}, (5.8)

is again a symmetric low-rank matrix. By construction, Q2M2Q; could be equiva-
lently computed by applying t steps of the usual ADI method starting with initial
guess Xo DO and right hand side -Q:M1Q",

There are several structure-preserving Krylov subspace methods for (gener-
alized) Lyapunov equations which are essentially based on the (block-) Krylov
subspace

spanfB; AB; AB;:::;; A“'Bg;
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see, e.g. [19-21, 23, 29, 41]. Krylov-subspace methods in conjunction with ADI
preconditioning are frequently used [7, 17, 22], whereas the preservation of the low-
rank structure of the iterates is not employed. Structure preservation of the GMRES
and FGMRES methods [36] with LRCF-ADI preconditioning is further discussed
in [9]. In [24] one can find a generalization of low-rank Krylov subspace methods
for up to d-dimensional tensors.

5.3.3 Low-Rank Pseudo Arithmetic

The elementary matrix and vector operations preserve the symmetric low-rank
format but numerically concatenation of symmetric low-rank matrices such as the
linear combination may significantly increase the numerical rank of the iterates.
To bypass this problem we need to introduce a pseudo arithmetic similar to the
approach that is used for hierarchical matrices [15]. Let @ WMWT with an
additional inner small symmetric matrix M2R" be given. Z may have been
obtained from one of the elementary operations described in Sect. 5.3.1. Then Z
is compressed as follows:

1. We compute W D QR™ T, where Q 2 R™ R2 R"'and =2 R" using the
QR decomposition with column pivoting [14]. Todetermine the rank using this
QR decomposition has to be handled with care and should include the recent
modifications suggested in [8], which is the case for LAPACK release 3.2 or
higher. After truncation we obtain W =Q;R; ™ T.

2. Next we determine the eigenvalue decomposition T D U-UTof T D
Ri™ ™M™ R/ and reduce U, ~ to matrices U1, ~1of lower rank whenever the
diagonal entries of ~ are sufficiently small in modulus.

3. This finally yields the truncated W = .Q:U1/"1.Q:U4/", which is computed
after each elementary operation, resp. after a sequence of elementary operations.

With respect to Krylov subspace methods we usually apply the iterative solver
for solving LX DB until the norm of the residual kB —L Xjko 6 ". Here "
may be an absolute or relative tolerance and may include contributions from B. For
generalized Lyapunov equations this condition reads as

T T TT
KEX/A CAX;E CPBB P/ke6"

and certainly any low-rank decomposition of Rjneed not be significantly more
accurate than . Whenever EX;AT C AX;E" C PIBB'PT = WjMW" is compressed
to lower rank; it is enough to compute a truncated QR™ decomposition. To do so
assume that

W; D QiR;™/
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such that

F11 -+ Tip [Fyper -+ Tl

0]
R;D Ri1R12 DB 0 Fpp/Tppct -+ T
g focipct -+ fpctyl

I’n;pCl s I

The QR decomposition with column pivoting ensures that

0] 1
locui
jraaj > > jrpp) > k@ . %kz;
;i
foralliDp Q;:::; I. To make sure that the residual is accurate enough we may

use a threshold toly, which should be chosen one order of magnitude less than " and
terminate the QR™ decomposition as soon as
0] 1
Moci
“max k& - %kz SACTE (5.9)

This requires only a minor change to the QR™ decomposition which is truncated
as soon as the threshold is reached. Q1; R are then obtained by taking the first
p columns of Qjand the leading p ~1 block .R11; R12/ of R; multiplied by ~ jT.
In a similar way all other iterates of the low-rank Krylov subspace solver will be
truncated to lower rank. To summarize our truncation strategy we give a small error
analysis.

Lemma 5.3.1 Let ZDVMWT R"2 such that W R™ 2\ R" forZome | > 0.
Suppose that the truncated QR™ decomposition of W QR T truncates the
matrix R in (5.9) for some tol; "Dr11j. DPiscarding Rz, the approximate
factorization

‘R R 2 ‘R >T
7D 1R —Tp— 11 Ry, -
Q o o o0 @
satisfies

kZ — 2k, 6 2pl——p "kMkkWK%C O."?/:
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Moreover, suppose that

. I - T
TWD Ri11 Ryy M™ Ru Rp

is decomposed as
. >

_ U U/’
2

TDU-UTD .U Uy/

such that U 2 RPPis orthogonal, ~1D diag.o1;:::; o/, ~2D diag.orci;:::; Op/,
p1 > >--0p dgnd 0i 6j "jo1 fgr @ll i > r, then the approximate low rank
factorization 5 s

ipQ " us- QP urs
0 1 1 O 1
satisfies

-1k 6.2 =pC 1/"kMkokWKZC 0.2/

Proof We first note that

kRej 6 max kRxk2 D kRkz D kWka:
ol kxk2D1

Conversely, using (5.9) we obtain

X
kR22k2 D max kRa2yks D max k Razeiyika

kyk2D1 kyk2D1 i>p
P>

6 max  KkRxeik yii

kyk2D1 iD1 .

_I—p ! 1=2 |_p =1=2

6 Iiﬂka)D(l kRzzeik% > jyij2

yK2 iD1 iD1

1=2 P

6 |—p/"jrui>” 6 I—p"kWk:

It follows that

"0 0 2 . T
- —T T el 0 0 T
Z—-2DQ 0 R MWT C WM or, ©
. 2 - >T
00
cQ —1y— 00 T.

OR22 0 Rz
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Thus bounding the norm of Z — £ yields
P
kZ — 2k, 6 2kRa2kokMkz kWkz C kR22k?kMkz 6 27 | —p"kMk2kWk? C O."?/:
2 2

Next observe that kTkz D joij and we can bound kTkz by

. b3
kTk26 kMk2k R11R12 k%6 kMkz kWk?:
2 2

If we now further truncate T, then

kZ — 2k, 6 kZ — #k, C k& — £k,
> .z

p " 2 n2 -I - I T
62 T=p kMK kW’CO "/ CkQ U/ .Q U/

6 2pﬂ> "kMk2kWk3 C k = 2k, C 0./
p__

6 2 | — p "kMkzkWk? C "josjC O ."¥

62" — p C 1/"kMk2kWkZ C O."?;

which completes the proof.

Although we may have kZka< kMkokWk$ we consider this situation as rare in
practice. Furthermore, the factor " |—pis moreof technical nature. Thereforeusing

some Y of one order of magnitude less than ", we expect the truncation strategy to
be in practice satisfactory in order to obtaink Z— #k, <" Kz 2. In Sect. 5.4 we will
demonstrate the effectiveness of our approach.

To accommodate the preservation of symmetric low-rank matrices during
elementary operations with the truncation to lower rank, a library LR-BLAS
(Low Rank-Basic Linear Algebra Subroutines) is designed which is summarized in
Table 5.1.

The introduction of low-rank BLAS allows for the easy truncation to lower rank
after an elementary operation is performed. We indicate and control whether only a
concatenation of matrices is built or if rank compression is required. Even when the
rank is to be reduced we can internally distinguish between only using the truncated
QR™ decomposition or reducing the rank further with the help of an eigenvalue
decomposition. Also, we can handle the case when one of the symmetric low-rank

Table 5.1 Overview

’ Operation Functionreference
LR-BLAS library Y Y C X ]
. raxpy
Y LX CYY |[lrgemv
Y Y lrscal
. kY k lrnorm

Y X/ lrdot

<
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input matrices (X or Y ) already consists of orthonormal factors ® QMQT such
that Q"Q . In this case one can simplify the amount of work when applying the
QR decomposition. Internally, it is more convenient to represent a low-rank matrix
X DQRMR'QT rather than X DQMQT . For the sequel of this article we will skip
this detail.

The introduction of a low-rank pseudo arithmetic hasimmediate consequences
when being used for generalized projected Lyapunov equations. While concatena-
tion of symmetric low-rank matrices does not require any additional safe guard
strategy, the situation changes as soon as the rank is compressed. After each rank
compression with thresholds larger than the machine precision, the projectors Pjand
Prhave to be applied again. In particular iterates such as the approximate solution
Xk = R«MkRT require a projection step Xk ¥ PR(MRTRT P Ky while iterates like
the residual have to be treated differently. Recall that we have

EXAT C ARET C PiBBTPT D P|.LEXAT C ARET C BBT/PT
| |

= SKNKSY;

thus here we obviously need to project with P, to ensure that the iterates are mapped
back to the correct invariant subspace associated with the finite eigenvalues of
E; Al

5.3.4 Approximate LRCF-ADI Preconditioning

Independent of the use of a low-rank pseudo arithmetic in Sect. 5.3.3, the explicit
projection of the preconditioned iterate Rifrom (5.8) gives the opportunity to replace
the explicit inverses .ECjA/—* by an approximate inverse, e.g., using incomplete
LU factorizations. Recall that when t steps of LRCF-ADI preconditioning are
applied to a right hand side B D P\B, then each iterate Rj, j D1; 2; :::; t satisfies
Rj BYR;. This is certainly not longer fulfilled when .EC;A/—! is replaced by an
approximation. If in doubt, in any LRCF-ADI preconditioning step substitutes

Ecia—tip.ekcja—

and explicitly projects the approximate solution back. In Sect. 5.4 we will demon-
strate the effect of replacing the exact LU factorization of E CA by an ILU.
At this point we like to stress that (low-rank) Krylov subspace methods are much
less sensitive to the use of an ILU for E="jA while the usual ADI method is much
more affected.
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535 Selected Low-Rank Krylov Subspace Methods

We now give some examples of preconditioned Krylov subspace methods adapted
for generalized, projected Lyapunov equations using CFADI preconditioning. The
most popular method, at least when E and A are symmetric and positive definite,
is the conjugate gradient method. We will demonstrate the changes for this method
first.

Suppose we wish to solve asystem L X D B with asymmetric positive definite
matrix L and a symmetric positive definite preconditioner LY = L . Then the
preconditioned CG method reads as given in Algorithm 5.2.

Now for symmetric and positive definite E and A we have P; D Py and the
generalized projected Lyapunov equation

EXA C AXE C PiBBP] D 0 where X D PIXP;

induces the following preconditioned low-rank version Algorithm 5.3 with CFADI
preconditioning and given shifts ";:::; "t

We will formally assume that each iterate Y is represented as Y D QyMyQ',for
suitable matrices Qvand symmetric My.

While the LR-BLAS internally apply rank compression and projection with P,
for the preconditioning step one has to mention this explicitly to be consistent.
A compression and projection step of P looks as follows.

PD Rt.|t"MR/R-[+ QPMPQL

by simple concatenation. Next the rank compression as described in Sect. 5.3.3 is
performed and we obtain

-QP; MP/ ] .Qi:new/; WﬂeW//Z

Algorithm 5.2 Preconditioned CG method

Let Xo 2 R"be initial guess

RoD —B — L Xp

P D LR,

fork D 1;2;3:::do
“oidD
Z DLP
.D.RTR/=.PTZ/
XDXC. P
RDR—_Z
Z DL®R
DRz

end for
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Algorithm 5.3 LR-CG for Lyapunov equations with CFADI preconditioning

oD O, PIBLPB/T
ComputeqD D Re.k MR /RT using t steps of LRCF-ADI applied to B D QR
Compress and project P
~ D trace.RP/ using 1rdot
fork D1;2;3:::do
“old D”
Z D EPA C APE using 1rgemv
. D krkg=trace.PZ/using 1rnormand 1 rdot
XD XC ,Pusinglraxpy
RD R—,Z usinglraxpy
Compute Z D Re.ly “Mg/R, Using t steps of LRCF-ADI applied to B D Qg
Compress and project Z
“ D trace.RZ/usinglrdot

“ D "="01d
PD ZC *Pusinglrscalandlraxpy
end for

Eventually Py is applied, which yields

Qr " PIQp+ QY

One may or may not add another rank compression step to Qp as a result of the
projection. But this would have to be done accurately with respect to the machine
precision.

The conjugate gradient method is designed for symmetric positive definite
problems. This in turn only requires Pi. In general one has to distinguish which
projection has to be applied. We demonstrate that in Algorithm 5.4 for the
preconditioned GMRES method [37].

We point out that the use of LR-BLAS allows to only concatenate matrices or to
compress the rank. Similarly, the projection need not always be applied. We have
formulated the algorithms in this more general form to indicate which projection
Py or Pris used. The basic operation VYD R=" usually does neither require
rank compression nor projection. But if B would not have been projected before,
a projection would be required at this point. Similarly, rank compression would
usually not be used as long as B does not have a rank much less than the number of
columns. For the preconditioning step using t steps of LRCF-ADI, formally there is
no need to project W at the end, except if the rank were compressed. Numerically
however, applying the projection may reduce the influence of rounding errors from
previous preconditioning steps j, j D 1;::: ;t




5 LRCF Krylov Subspace Methods for Lyapunov Equations 171

Algorithm 5.4 LR-GMRES for Lyapunov equations with CFADI preconditioning

XoD 0, RoD .PB/.PB/T
¥ D kRkgusing 1rnorm
VYD R="using 1rscal(P)
forkD1;2;3::; mdo
Compute W D Ry.lt "M\','7 Tusing t steps of LRCF-ADI applied to B Dﬁ
Compress and project W by Pr
Z D EWAT CAWE using 1 rgemv(Py)
forID 1;2;3:::;kdo
hikDtrace.V-"Z/ using 1rdot
Z D ZC hyVV using 1raxpy(Pr)
end for
hkci:x D kKZkrusing 1rnorm
VkCY p Z=hyc1kusing lrscal(P)
end for 5
Solve k~e1 — Hyykz D minS, where Hy, D hij iDlgnet
ZD VYy; C--- CV™ynusing Lraxpy(Pr)
Compute W D Re.ly "Mz /RT using t steps of LRCF-ADI appliedto B D Qz
Compress and project W by Pr
XD XC Wusing lraxpy(Pr)

The GMRES method can be slightly modified to obtain the flexible GMRES
method (FGMRES, [35]). In this case, W would be replaced by W and be kept.
Then X is directly computed from WY:::: : W™ via

X DXCWY;C --- C W™y using lraxpy.Pi:

FGMRES allows for variable preconditioning. This implies that the rank in
WYz W™ can be truncated with a larger tolerance tol, than for the other iterates.

5.3.6 Reduced Lyapunov Equation

Several Arnoldi- and GMRES-like methods for Lyapunov equations essentially rely
on the (block-) Krylov subspace spanfB; AB; A2B;::: ; A"1B (see, e.g., [19-23]).
These methods compute subspaces which replace the generalized Lyapunov equa-
tion (5.7) by a reduced equation

WET/ X .WAT/" C .WAT/ X .WET/" C WP,BB"P]W' D 0:
The resulting approximate solution could be obtained from Xi DP,TXTTPT. A

similar approach would be possible as by product of the FGMRES method in
order to obtain an alternative approximate solution. Suppose that the Arnoldi
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method applied to the Lyapunov operator L leads to the following equation
LWm D VmClH_nﬂ

where Vin 2 R"'™has orthonormal columns, H ,, 2 R™CLM js upper Hessenberg
and the approximate FGMRES solution is given by Xm D XoC Wrs for
Wm 2 R"'™ Forthe flexible GMRES method the columns of Wi, are usually
preconditioned counter parts of Vi, except that the preconditioner may vary from
step to step. Minimizing the norm of the residual B- L Xy for the standard
GMRES method is equivalent to the minimization of

kH_rry — kRok3 - e1k2 D min$ (5.10)

Here one uses the property that the first column of Vi is chosen as a scalar multiple
of the initial residual Ro D B — L Xo. The Arnoldi vectors Vmexare rewritten
in terms of symmetric low-rank matrices V*' D Q M Q " k D 1;::: ;m.
Similarly, during the FGMRES method approximations to column k of Wyare
represented by W¥'D Q ¥ K/ Q T from the CFADI preconditioning step. Then
the numerical solution in low-rank format is a linear combination

X
XD XoC vk QM. QT
kD1

squares problem (5.10). Alternatively the computed matrices Qv and QY
k k

could be used to compute an alternative approximate solution X.
Suppose that we compute a QR decomposition with column pivoting [14] to
obtain

1Qy:::; QI D QuRyT Y (Q Q] D QuwRw ™ Ty

where rankRy Dry, rankRw Drw . Similar to the compression to lower rank at
other parts of the Krylov subspace method here one could work with lower accuracy
as well. Let r D maxfry; rwg, then the numerical solution Xk can be rewritten as

0
SlM\',\}/ 0
Xk D Xo C QwSQ",; where S D RWVTV@ o X “wRy:
0 SmMij/

Qvand Qw can be alternatively used to construct a reduced r-dimensional Lyapunov
equation. Let

EqD Q\EQw; AqD Q"AQw
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and compute S as numerical solution of the reduced equation
EQSALC AQSE',C Q"RoQk D 0;

where Ro DEXoAT AXoET BBT. For small r this could be computed with
standard methods [2]. Weobtain

X D Xo C QwSQly

as approximate solution of a reduced Lyapunov equation. In Sect. 5.4 we will
demonstrate the effectiveness of this approach.

In summary the low-rank Krylov subspace methods introduced in Sect. 5.3 allow
for structured iterative methods. If .P|EP,; PIAP/ is already symmetric and P|EP,
positive semidefinite, one could use a low-rank version of the simplified QMR
(SQMR) method [12] for symmetric indefinite problems. If even P/AP;is positive
definite, then the low-rank CG method can be applied. Low-rank CG and low-rank
SQMR can make use of the CFADI preconditioning approach while at the same
time low-rank structures and symmetry of the Lyapunov operator is preserved. In the
general case we could easily introduce low-rank Krylov subspace methods such as
low-rank BiCGStab, low-rank QMR and other methods (cf. [36]).

5.4 Numerical Results

In this section we will demonstrate the effectiveness of our approach. We will
start with the sensitivity of low-rank Krylov subspace methods with respect to the
shifts used for the CFADI preconditioning step and compare them with the usual
LRCF-ADI method. Next we will demonstrate different low-rank Krylov subspace
methods such as (F)\GMRES, QMR and BICGSTAB for projected, generalized
Lyapunov equations to evaluate their strengths and their weaknesses. We will further
investigate replacing the direct solver for the single iterates .€ ‘jA/—* by an
approximate factorization to compare the sensitivity of ADI and Krylov subspace
methods with respect to incomplete factorizations. Here we use as approximate
factorization the multilevel 1LU factorization from the software package! ILUPACK
which is described in detail in [5]. Further numerical results will discuss the use of
the reduced equation from Sect. 5.3.6 for the numerical solution. We will finally
demonstrate how parallel direct solvers can accelerate the process of solving large-
scale projected Lyapunov equations.

IMatthias Bollhé&fer and Yousef Saad. ILUPACK - preconditioning software package. Available
online at http://ilupack.tu-bs.de/.ReleaseVV2.4,June2011.
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Some of our experiments use the software package PABTEC, see [33] and Sect.
2.6, which has been designed for the model order reduction of descriptor systems
arising from circuit simulation. Here we replaced the default LRCF-ADI method
by preconditioned low-rank Krylov subspace methods such as (F)\GMRES, QMR
and BICGSTAB and adapted the interfaces to allow for complete simulation runs
based on Krylov subspace techniques.

541 Model Problems

In the following part we like to introduce three model problems which we will
use for demonstration. The first two are examples arise from descriptor systems
modeling circuit-equations while the third one is a more academic parabolic partial
differential equation. All these examples illustrate the applicability of low-rank
Krylov subspace methods.

As our first two examples we discuss linear RLC networks of the following type,
modeled using the modified nodal analysis (MNA). Let e be the vector of node
potentials, vy, vi be the voltages of the voltage sources, respectively of the current
sources. Denote by it; iv; i1 the currents through the inductors, voltage sources and
current sources. We define the state vector x, the vector of inputs u and the output
vector y via

0 e 1 -y > .z
xD@ij A;uD Vi
iL YD iy
\% Vy
Then the circuit equations can be written as
ERD AxC Bu
yD—BTx;
where E; A and B are given by
0 1 0 1 0 1
AcCAT00 —ARGAT—AL—Ay —A0
ED@ 0o LOA;AD@ AT 0 0 A;BD@ 0 0A:
0 00 A 0 O 0 —lI

Here Ac; Ar; AL; Av; A refer to the incidence matrices with respect to the
capacitors, resistors, inductors, as well as with respect to the voltage sources and
current sources. C, L, G denote the capacitance matrix, the inductance matrix and
the conductivity matrix. The differential-algebraic equations which we discuss here
are of differentiation index 1 (cf. [6]).
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Table 5.2 Large-scale RC circuits

Acronym Capacitors Resistors Voltage sources System size
RC1 2353 1393 109 974
RC2 3065 5892 21 3272
RC3 9999 9999 3 10; 002
RC4 12; 025 53; 285 78 29; 961

Example 5.4.1 As a first example we consider a RC high pass circuit provided by
NEC Laboratories Europe. It consists of 2002 conductors, 2003 resistors and three
voltage sources. Using the MNA this leads to a system of dimension 2007 with three
inputs and three outputs.

Example 5.4.2 We consider further test?> examples of several RC circuits. For some
details we refer to [18]. Here we restrict ourselves to examples of following sizes,
reported in Table 5.2.

The circuits in Table 5.2 are of differentiation index 2. Since we like to
demonstrate the applicability of low-rank Krylov subspace methods for index-1
systems we remove several voltage sources which are responsible for the higher
index. After removing these voltage sources we have for circuit RC1, six voltage
sources and for each circuit RC2, RC3 and RC4, one voltage source. Furthermore,
we artificially add resistors with average conductivity to ArRGAy to make this matrix
positive definite. We are aware of changing the original shape of these circuits.
However, our main goal is the demonstration of low-rank Krylov subspace methods
using the PABTEC software asframework.

For both problem classes of RC circuits in Examples 5.4.1 and 5.4.2 we use the
technology as provided by the software package PABTEC (see Sect. 2.6 and [33])
to demonstrate solving an associated projected algebraic Riccati equation with the
help of Newton’s method. Here in every Newton iteration step (cf. Algorithm 2.7 in
Chap. 2) a projected, generalized Lyapunov equation has to be solved.

Example 5.4.3 The final example we will use in our numerical experiments is the
parabolic partial differential equation

viD "v C Bu + vy C vyy C v;; C Bu,

where vDv.x; y; z; t/, .X; y; 2/ 2 [DDEO; 1]°and t <0. We assume that we have
some initial value v.x;y; z; 0/ and homogeneous Dirichlet boundary conditions.
To keep the discussion simple, we consider an academic control B such that after
discretization in space using a seven-point discretization stencil, the control reduces
to the vector with all ones. Suppose that we have an equidistant mesh with mesh

size h D ;. This leads to a total system size of n D N? unknowns. The

2http://sites.google.com/site/rionutiu2/research/software.
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semi-discretized ordinary differential equation is of type
W D —Aw C Bu;

where A is the discretized Laplacian operator in three spatial dimensions. We
apply model order reduction to these semi-discretized equations using balanced
truncation. For symmetry reasons we simply compute the associated Gramian as
the solution of the Lyapunovequation

XA C AXDBBT;

meaning N8 unknowns for the referring Lyapunov operator. Since A is symmetric
and positive definite, the Lyapunov equatier XCA/~ . AKX BBDO is stable
and therefore balanced truncation can be applied. We know that the spectrum of A
lies inside the interval .312; %/' This allows for a simple computation of the optimal
ADI shift-parameters introduced by Wachspress [47].

We use this example in order to illustrate a low-rank version of the conjugate
gradient method. Furthermore, a parallel sparse direct solver for solving the shifted
systems .ACil/x b [ used to examine the scalability. Finally, this example
demonstrates the advantages of using multilevel incomplete factorizations rather
than direct solvers within the CFADI method.

In the sequel all computations were conducted on a 64 GB Linux workstation
with four Intel Xeon E7440 Quadcore processors using Matlab Release R2008b.

54.2 Different Krylov Subspace Methods and Their Efficiency
with Respect to the Selection of Shifts

In the following experiments we will compare how flexible GMRES [35], GMRES
[37], QMR [13] and BICGSTAB [46] can be used to solve projected generalized
Lyapunov equations. We will describe how different choices of shifts affect the
LRCF-ADI method and low-rank Krylov subspace methods. For this purpose we
consider Examples 5.4.1 and 5.4.2. Here it is necessary to use the heuristic approach
(referred to as “Algorithm 17 in [32]) for calculating the shift parameters. As part
of the passivity-preserving balanced truncation we will solve the projected Riccati
equations from (5.4), (5.5) up to a tolerance of 10—* The same accuracy is used
for truncating the Hankel singular values for Balanced Truncation. As a heuristic
approach we decided to solve each Lyapunov equation up a relative residual norm
of 1075, One benefit of our class of Krylov subspace methods is that we can use
the norm provided by our Krylov-subspace method and do not need to explicitly
evaluate the residual-norm within the LRCF-ADI algorithm. We vary the number
t of calculated shift parameters from 4, 5, 10, 20 finally to 30. For the low-rank
Krylov methods we use a tolerance of 102 for truncating the ranks which is two
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Fig. 5.1 Number of ADI steps and runtime for Example 5.4.1
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Fig. 5.2 Number of ADI steps and runtime for circuit RC1 from Example 5.4.2

orders of magnitude smaller than the desired residual. The number of ADI steps we
display in Figs. 5.1, 5.2, 5.3, 5.4 and 5.5 refer to the accumulated sum of all shifted
systems that were solved using Newton’s method.

As can be seen from Figs. 5.1, 5.2, 5.3, 5.4, and 5.5, there is neither a method
that is always fastest nor is there a method always requiring the smallest number
of ADI solving steps. Comparing flexible GMRES with standard GMRES, the
difference in the number of ADI iterations can be explained by the different nature of
these approaches. While the number of Krylov subspace iteration steps is the same,
standard GMRES requires one additional solving step at the end of each restart.
In contrast to this, flexible GMRES stores the preconditioned residuals explicitly
and does not require an additional preconditioning step. The slightly improved
computation time of flexible GMRES with respect to GMRES is obtained by using
twice as many vectors in low-rank format. When working with restarts this is an
acceptable tradeoff so we prefer to use flexible GMRES over standard GMRES in
low-rank arithmetic.
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Fig. 5.3 Number of ADI steps and runtime for circuit RC2 from Example 5.4.2
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Fig. 5.4 Number of ADI steps and runtime for circuit RC3 from Example 5.4.2

BICGSTAB and QMR require in each iteration step that either the matrix is
applied twice (BICGSTAB) or the transposed matrix is used in addition (QMR).
The same holds for the application of the preconditioner. Often BICGSTAB is
comparable to GMRES with respect to time while QMR is typically the slowest
method.

We emphasize that the number of inner iteration steps for the projected Lyapunov
equations is small, when a larger number of shifts is used. When using t D 20 or
t D30 shifts, the number of inner iteration steps is typically less than ten steps.
We illustrate the relation between inner ADI solving steps and outer Newton steps
in Fig. 5.6 for the case of the LRCF-ADI method and LR-FGMRES and different
numbers of shifts for Example5.4.1.

The two graphics at the top of Fig. 5.6 refer to the use of four shifts while the
two graphics at the bottom of Fig. 5.6 refer to the use of ten shifts. On the left of
Fig. 5.6 we find the LRCF-ADI method, on the right LR-FGMRES is  displayed.
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Fig. 5.5 Number of ADI steps and runtime for circuit RC4 from Example 5.4.2

The meaning of the three-coded humbers of type a-b-c in Fig. 5.6 is explained in the
legend just below thegraphics.

The solid red line in Fig. 5.6 reveals the norm of the nonlinear residual in
Newton’s method. The other lines display the convergence history of the residuals
during the inner solves. In particular we observe that both methods, LRCF-ADI and
LR-FGMRES reach the threshold 10— of the nonlinear residual after four outer
steps. It can also be observed that LRCF-ADI using four shifts exceeds the limit
100 of inner iteration steps for solving the projected Lyapunov equation without
converging. In spite of misconvergence, the outer Newton method in this case still
converged to the desired accuracy.

543 Truncated QR~ Decomposition

In this section we will demonstrate the difference in using the regular QR decom-
position with column pivoting as implemented in LAPACK (also used inside
MATLAB) with a truncated version that stops the decomposition as soon as the
desired accuracy for the truncation is reached (for details cf. Sect. 5.3.3).

In Example 5.4.1 the main time for performing the Balanced Truncation algo-
rithm is consumed when solving the Riccati equation. In Table 5.3 the computation
time of the LR-FGMRES method using PABTEC for different numbers of shifts
using the full QR™ decomposition versus the truncated QR ™ is stated.

As solver for the Lyapunov equation we use LR-FGMRES. As in Sect. 5.4.2
both relative rank tolerances were set to 10—8 whereas we are solving the Lyapunov
equations with accuracy 10~°. The gain observed for using the truncated QR™ was
approximately in the range of about 5-8% in overall runtime of the LR-FGMRES
method.
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Fig. 5.6 Comparison of LRCF-ADI and LR-FGMRES using four (top line) and ten (bottom line)
shifts

Table 5.3 Comparison of # Shifts | Standard QR™ (s) | Truncated QR™ (s)
standard QR™ and truncated

QR™ within LR-FGMRES, 4 19:25 18:43
Example 5.4.1 5 7:33 6:90
10 4:03 3:90
20 3:95 3:79

30 4:24 4:20
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The improvement using the truncated QR™ decomposition can not only be used
in low-rank Krylov subspace methods, but it can also have a beneficial impact of
the LRCF-ADI method. When solving the projected Riccati equations using LRCF-
ADI, at each Newton step we have to concatenate the current approximate low-
rank solution Z D QzQZT of the Riccati equation and the recent low-rank update
PD QPQTPfrom solving the projected Lyapunov equation to obtain

rank

3 )3 T
ZCPD Q;Qp QZ QP —1 Q.ZneW/_Q.ZneW//T :
compression

Usually we would apply a slim QR decomposition
I I
QzQr DQR

z z
such that Q has as many columns as Qz Qp . After that we would apply a singular
value decomposition

RD U~ V]
to truncate the rank of R to some r and obtain
Qz.new/ D QUr e

When we use the truncated QR™ decomposition instead, we can already
compute approximately

*Q:0r DQR-TCE
s e 51 Bl e QuaP BRI SR Iy SRRl S e
already reduced system
RsD Uy~ /V]:

Thus, the truncated QR™ gecomposition may not only save time during the QR™
decomposition of Qz Qp , but the singular value decomposition is also applied
to system of smaller size and may lead to additional improvements. To illustrate
this effect we compare the LRCF-ADI method for Examples 5.4.1 and 5.4.2.
Although the total computation time is not drastically improved, at least the time
of the rank compression is moderately improved. In Figs. 5.7 and 5.8 we illustrate
the computation times of both rank compression techniques, accumulated over all
Newton steps.




182 M. Bollh&fer and A.K. Eppler

n=2007
0.7

Bl regular QR

[Jtruncated QRP
0.6

0.5
0.4

0.3

time in [s]

0.2

0.1

5 10 20 30
# shifts

Fig. 5.7 Computation time QR plus SVD version truncated QR™ plus SVD for Example 5.4.1

RC1, n=974 RC2, n=3272
35 Il regular QR 05 Il regular QR
[truncated QRP. 0.45 [truncated QRP!
3 0.4 -
25 0.35
© ) @ 03
= < 025
[}
£ 15 E o2
1 0.15
0.1
05 H I I 0.05
o | [= [ M o
5 10 20 30 5 10 20 30
# shifts # shifts
RC3, n=10002 RC4, n=29961
Il regular QR 7 I regular QR I
[truncated QRP T truncated QRP
0.5 6
0.4 5
», @
£ 03 =
(] [}
£ E 3
0.2
2
0.1
1
O v
5 10 20 30 5 10 20 30
# shifts # shifts

Fig. 5.8 Computation time regular QR plus SVD implementation versus truncated QR™ plus
SVD for Example5.4.2
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We can observe a moderate to significant gain in particular when using a smaller
number of shifts. When only using a smaller number of shifts, the total number
of ADI steps significantly increases since the LRCF-ADI method needs more
steps to converge. This in turn results in a higher pseudo rank caused by simple
concatenation. Here the gain is most significant.

54.4 Evolution of the Rank Representations
in the Low-Rank CG Method

We will now report for the preconditioned LR-CG method from Algorithm 5.3
how ranks of the symmetric low-rank matrices X, R and P behave during the
iterative process. To illustrate their behaviour we select Example 5.4.3 since we
believe that the LR-CG method is the easiest low-rank Krylov subspace method and
this example allows for the use of the preconditioned LR-CG method. We select
as discretization parameter N[®0 which lead to a sparse symmetric positive
definite matrix A of sizen DN® [216; 000. The associated Lyapunov equation
X.—A/ C. —A/X BBT 0Dis numerically solved to obtain a low-rank symmetric
positive semidefinite solution X2 R™". In the experiment we use a residual norm
of 10—%as termination criterion for the preconditioned LR-CG method. Since A is
symmetric and positive definite we are able to use the optimal Wachspress  shifts
[47] for CFADI preconditioning. We demonstrate the behaviour of the ranks of X,
R and P when using t B) 6; 8 and t 10Bhifts. For any of these shift values the LR-
CG method only requires a few steps to converge (see Table 5.4).

In Fig. 5.9 we illustrate the behaviour of the ranks of X, R and P in the LR-CG
method, when we use a truncation tolerance of 10—2.

The solid lines in Fig. 5.9 refer to the situation where X, R and P are updated and
truncated to lower rank in the LR-CG method, i.e., whenever the operations

XD X C ,Pusing 1raxpy
RDR—,Zusing lraxpy

PDZC P using 1rscaland lraxpy

are completed within Algorithm 5.3. For X the dashed lines indicate the intermediate
rank before the 1raxpy routine compresses the rank. Similarly, for R the dashed
line indicates the pseudo rank before and after the rank truncation of Z in the

Table 5.4  Number of shifts and number of preconditioned LR-CG steps for Example 5.4.3 and
N D 60

Number of shifts 4 6 8 10
Number of LR-CG steps 7 5 4 3
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Fig. 5.9 Evolution of ranks for different selected vectors in LR-CG for N D 60

lrgemv routine that computes D XA &X and the situation before and after
lraxpy compresses the rank for RO R—, Z. Finally, the dashed line that is used
for P includes the pseudo rank from the CFADI preconditioning step followed by
its rank compression, as well as the additional rank compression, when ® £ P
is computed. We can observe for X; R and P that the intermediate ranks can be
significantly higher than the rank that is obtained when 1raxpy is completed.
As we would expect, at the end of each rank compression step, the rank of X
and P tends towards a constant rank, while the R the rank of the residual becomes
small or even 0 when the LR-CG method converges. The general behaviour of the
ranks, in particular that ranks first increase and then decrease again has also been
observed in other low-rank Krylov subspace methods and applications [25]. The
intermediate increase of the rank can be interpreted as another justification for using
the truncated QR™ decomposition to improve the performance of low-rank Krylov
subspace methods as already illustrated in Sect.5.4.3.
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545 Numerical Solution Based on Reduced Lyapunov
Equations

The LR-FGMRES method computes orthonormal Arnoldi vectors that can be
used to define a reduced projected Lyapunov equation (see Sect. 5.3.6). However,
although having this reduced Lyapunov equation available, the additional informa-
tion we can extract from solving this reduced equation does not necessarily improve
the low-rank solution computed via LR-GMRES. To illustrate this effect we will
consider Example 5.4.1 using different number of shift parameters. Here we simply
examine solving a simple Lyapunov equation using a tolerance of 10— for the
residual and a truncation threshold for the rank of 102,

The results are shown in Fig. 5.10, where the norm of the residual at the end of
m steps LR-FGMRES is compared with the version that uses the information of the
reduced system instead.

As we can see from Fig. 5.10 using the approximate solution from the reduced
system does not necessarily improve the residual. Moreover, the computational
overhead should not be overlooked. Solving the reduced system requires to solve a
small projected generalized Lyapunov equation using a method such as the Bartels-
Stewart algorithm. This increases the computational amount of work. For further
details we refer to [9].

546 Incomplete LU Versus LU

We now examine numerically how replacing the direct solver for .EC jA/—! by
the multilevel 1ILU from ILUPACK influences the LRCF-ADI method and the LR-
FGMRES method with LRCF-ADI preconditioning. First we use Example 5.4.1 to
compare both methods inside the model order reduction software package PABTEC.
Both iterative methods replace the direct solver by the ILU with a default threshold
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of 102 for discarding small entries. In addition, in our experiments the iterative
solver inside ILUPACK [which is by default GMRES(30)] uses as termination
criterion a relative residual of 10—*, 10—8and 10—?to illustrate different accuracy
of the multilevel ILU solver.

The results in Fig. 5.11 demonstrate that in principle low-rank Krylov subspace
methods can use approximate factorizations rather than direct factorization methods
while the usual LRCF-ADI method encounters convergence problems which are
caused by solving .E CjA/x Db with lower relative accuracy.

The convergence for the results in Fig. 5.11 is slightly delayed for LR-FGMRES
while LRCF-ADI does not converge anymore. A drawback of the use of approxi-
mate factorizations that we observed in the numerical experiments is that the rank
of the single iterates significantly increases [10]. This reduces the advantages of
incomplete factorizations at least for these kind of examples where direct solvers are
a natural alternative. The source of this increase will be subject to future research.

As second example we consider Example 5.4.3 where direct solvers quickly
reach their limit because of the complexity and the spatial dimension. Besides,
the Lyapunov equations in this case can be numerically solved using the pre-
conditioned LR-CG method. Firstly we will compare the memory consumption.
For the comparison we will use MATLAB’s chol function that computes a
Cholesky decomposition in combination with symamd which initially reorders the
system using the symmetric approximate minimum degree algorithm [1] in order
to save fill-in. In the sequel we will refer to this version as “MATLAB”. Next
we use for comparison the software package® PARDISO [39, 40] and its Cholesky
decomposition. For the incomplete factorization we will again use ILUPACK and
its inverse-based multilevel incomplete Cholesky factorization with the additional
option to preserve the vector with all entries equal to 1 exactly. The latter is
recommended since the underlying matrix refers to a discretized elliptic partial
differential equation. Since the matrix is symmetric positive definite we again

3http://www.pardiso-project.org.
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Table 5.5 Number of ADI shifts depending on N and toly

N 20 40 60 80 100
tol, |10—1|10—2 10— 10—! 10—2 107 107! 10—% 104 10—t 10—2 | 101
Shifts | 3 4 8 3 5 9 4 6 10 4 6 4
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Fig. 5.12 Memory requirement illustrated by the relative fill-in of the Cholesky factor with respect
to the given matrix

use the Wachspress shifts, similar to Sect. 5.4.4. Depending on the discretization
parameter N these shifts are computed with respect to a given tolerance toly for
the desired accuracy of CFADI approximation (for details we refer to the parameter
"1in [28]). In Table 5.5 we give the explicit relation between the number of shifts
depending on N and toly, .

In Fig. 5.12 we display how the relative fiII—in%f,"T’ of the nonzero entries of
the Cholesky factor L relativetothenonzeroentries of A behaves with respecttothe
discretization size N for tol,D 10— and toly, 02,

As is well-known for problems in three spatial dimensions, the relative fill-in
of direct solvers drastically increases when the size of the problem increases with
PARDISO being significantly better than MATLAB. In contrast to that ILUPACK
yields an almost constant relative fill-in for each toly and also only mildly increases
when toly, is decreased (i.e., when the number of shifts is increased). The increase in
the amount of fill-in is significantly sublinear! We illustrate this effect for iy 60.
Since we need to factorize FipA Cil, for i l; 2; :::; t for each shift j, the
system Fiis almost equivalent to A, as long as a relatively small shift “jis chosen.
Increasing the shift 'j in magnitude, as it is happening in the computation of the
optimal ADI shift parameters, makes Fimore and more diagonal dominant. When
Fi is almost equivalent to A, the multilevel ILU requires more fill-in and more
levels, since in this case a multigrid-like approximation is required. With increasing
diagonal dominance of F;, the multilevel ILU gets sparser and requires less fill-in,
adapting automatically to the underlying system. This explains why even increasing
the number of shifts does not necessarily result in a linear increase of memory or
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Ea[?}l)eAgﬁ’sprirJ(ljtﬁgsgfelLﬁ Shift value | traeor (5) | Levels Fill-in | toe(s) | Steps
when four optimal shifts are —26,999:996 |2.0 1 2.2 0.8 8
prescribed, N D 60, —3406:818 | 2.5 2 3.6 1.5 10
toly D 10—* —387:730 |5.2 3 3.9 1.6 13
—48:923 | 6.2 5 4.7 2.1 18

computation time. In Table 5.6 we state the computation time for computing the
multilevel ILU for a system of size N® 21B; 000 depending on the value of the shift.

We have chosen tol, D0, which gives four shifts "1;::: ; “s. For a large
absolute value of "1D26; 999:996 the system is strictly diagonal dominant. Thus
only 1 level is required, the computation time is small and the relative fill-in is
approximately twice as much as that of the original system. With such a large shift,
solving a single system with the multilevel ILU is not only fast because of the sparse
approximation, but it also requires the fewest number of iteration steps (in this case
8 steps of preconditioned CG for a single right hand side). When the shift decreases
in magnitude, the diagonal dominance becomes less, the number of levels increases
and ILUPACK’s multilevel ILU behaves more and more like an algebraic multilevel
method. This can be verified by the increasing number of levels, the increasing fill-in
and the slightly increasing number of CG steps.

The sublinear behaviour of the multilevel ILU is also a significant advantage with
respect to the computation time when solving the Lyapunov equations using LR-CG
with CFADI preconditioning. We state the computation time in Table 5.7.

As we can see from Table 5.7, the computation time behaves differently for dif-
ferent solvers when increasing the number shifts. Using more shifts result frequently
in working with higher ranks also already seen in Fig. 5.9. This is because increasing
the number of shifts only mildly increases the fill-in while at the same time the
convergence speed is improved. Here ILUPACK is by far the fastest numerical
solver for computing systems with FiDA C'il. Looking at Table 5.7 we can also
see that the computation time of the direct solvers scales significantly better than
their memory requirement which is cause by sparse elimination technologies, such
as the elimination tree, super nodes, Level-3-BLAS and cache optimization. These
are techniques that are hardly applicable to incomplete factorization techniques.

54.7 Parallel Approach

We finally illustrate how the computation can be reduced for large-scale examples
when the direct solver is replaced by a multi-threaded direct solver which can make
use of several cores during the factorization and the solution phase. Here we use the
direct solver PARDISO [39, 40] and demonstrate the different computation times
when using several threads. For this purpose we again chose Example 5.4.3 since
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Table 5.7 Computation time LR-CG in (s) using CFADI preconditioning with different inner
solvers (MATLAB/PARDISO 1 cpu/ILUPACK)

Dimension N # Shifts MATLAB PARDISO(1) ILUPACK
20 3 8.5 3.5 35
4 9.3 3.8 3:1
8 12.8 4.7 2:8
40 3 596.6 144.9 75:8
5 575.1 137.0 59:3
9 673.8 156.6 48:4
60 4 9236.6 1564.4 375:8
6 10,847.2 1717.4 284:3
10 11,273.8 1879.9 271:2
80 4 78,870.4 10,562.7 1312:7
6 - 10,475.9 1137:9
100 4 - 43,255.3 3653:7
100 6 - - 2647:5
120 4 - - 7551:8
120 7 - - 6232:5
140 4 - - 15;311:4
140 7 - - 10; 201:0

here we are able to adjust/increase the dimension of the equation. As solver we use
the LR-CG method since we know in this case the equivalent linear system would
be symmetric and positive definite. We increase the size of the matrix A from 20°D
8000 to 100° D 1;000;000. Remember that the corresponding Lyapunov equation
would even have squared size. We will solve the Lyapunov equation up to a residual
norm of 10—°. For this example optimal shift parameters can be computed [47].
The number of shifts are computed according to a tolerance toly which refers to the
convergence speed of the ADI method. Here we choose tol, D 10—, toly, D 102
and tol, D 10— as tolerances. The number of shifts can be seen in  the second
column of Table 5.8.

The values are always ordered from tolp 10— down to tolyD 10— (cf. also
Table 5.5). For N > 80 we skipped tol, D10—* and for N > 100 we skipped
toly D02 additionally for reasons of memory consumption.

Beside the computation time in Table 5.8 we point out that the number of LR-CG
steps only depends on the size of tolw. Numerically it is advantageous to have a

larger value of toly and to use more LR-CG steps since this significantly saves
memory and occasionally is even the fastest version as can be seen from Table 5.8.
Using the multithreaded parallel solver PARDISO we observe a significant
speedup which is close to linear for larger N. It can also be seen that using 4 threads
or 8 threads leads to an optimal performance on our machine. We observed that
for maximum possible number of 16 threads the amount of computational time
increased drastically. We blame this issue to problems of the dense linear algebra
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Table 5.8 Computation time LR-CG in (s) using CFADI preconditioning with a multithreaded
version of PARDISO

Dimension N # Shifts cpuD1 cpuD 2 cpuD 4 cpuD 8
20 3 3:5 3:2 3:2 8:9
4 3:8 34 34 10:2
8 4:7 4:1 4:1 11:8
40 3 144:9 87:5 77:2 124:0
5 137:0 79:4 66:3 118:6
9 156:6 88:0 73:5 131:4
60 4 1564:4 704:2 464:4 983:5
6 1717:4 735:4 504:2 1064:3
10 1879:9 794:8 622:8 1160:1
80 4 10; 562:7 4121:1 2585:0 6448:1
6 10; 475:9 4032:2 2702:0 6432:6
100 4 43; 255:3 15; 363:7 9767:2 24,5774
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Fig. 5.13 Computation time LR-CG in (s) versus problem size N for various inner solvers of
shifted linear systems within CFADI preconditioning

kernels with the multicore architecture. In a multicore processor the processes have
to share the cache if more than one thread is assigned to a socket. We believe
that this might be an explanation for the numerical observations. Although the
multithreaded parallel direct solver PARDISO improves the numerical solution of
the LR-CG method with CFADI preconditioning, for larger sizes N the multilevel
ILU is still superior although not yet being parallelized. This can be concluded from
the comparison in Fig. 5.13 for tol, D 10—*and tol, D102
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5.5 Conclusions

In this article we have demonstrated the benefits of low-rank Krylov subspace
methods. When computing the approximate solution of generalized, projected
Lyapunov equations, these novel low-rank Krylov subspace comprise the benefits of
Krylov subspace methods and the low-rank Cholesky factor representation similar
to LRCF-ADI methods. While the superiority of low-rank Krylov subspace methods
is not always confirmed in the numerical experiments, their high potential has been
illustrated. We have also shown that techniques of early compressing the rank
to the desired accuracy is beneficial for low-rank Krylov subspace methods. The
results have demonstrated the applicability in model order reduction techniques,
in particular for those problems arising from circuit simulation. We have further
outlined the wide range of their usage for other problems such as parabolic partial
differential equations. We believe that this numerical case study helps understanding
when and how low-rank Krylov subspace methods can be used as a technique for
model order reduction.
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Ministry of Education and Research (BMBF), grant no. 03BOPAE4. Responsibility for the contents
of this publication rests with the authors.

References

1. Amestoy, P., Davis, T.A., Duff, I.S.: An approximate minimum degree ordering algorithm.
SIAM J. Matrix Anal. Appl. 17(4), 886-905 (1996)

2. Bartels, R., Stewart, G.: Solution of the matrix equation &X XBEDC. Commun. ACM 15(9),
820-826 (1972)

3. Benner, P.: Advances in balancing-related model reduction for circuit simulation. In: Roos, J.,
Costa, L.R.J. (eds.) Scientific Computing in Electrical Engineering SCEE 2008. Mathematics
in Industry, vol. 14, pp. 469-482. Springer, Berlin/Heidelberg (2010)

4. Benner, P., Li, J.R., Penzl, T.: Numerical solution of large-scale Lyapunov equations, Riccati
equations, and linear-quadratic optimal control problems. Numer. Linear Algebra Appl. 15(9),
755-777 (2008)

5. Bollh&fer, M., Saad, Y.: Multilevel preconditioners constructed from inverse—based ILUs.
SIAM J. Sci. Comput. 27(5), 1627-1650 (2006)

6. Brenan, K.E., Campbell, S.L., Petzold, L.R.: The Numerical Solution of Initial-Value Problems
in Differential-Algebraic Equations. Classics in Applied Mathematics, vol. 14. SIAM,
Philadelphia (1996)

7. Damm, T.: Direct methods and ADI preconditioned Krylov subspace methods for generalized
Lyapunov equations. Numer. Linear Algebra Appl. 15(9), 853-871(2008)

8. Drmat, Z., Bujanovi¢, Z.: On the failure of rank-revealing QR factorization software — a case
study. ACM Trans. Math. Softw. 35(2), 12:1-12:28 (2008)

9. Eppler, A K., Bollhder, M.: An alternative way of solving large Lyapunov equations. Proc.
Appl. Math. Mech. 10(1), 547-548(2010)




192 M. Bollh&fer and A.K. Eppler

10. Eppler, A.K., Bollh&Fer, M.: Structure-preserving GMRES methods for solving large Lyapunov
equations. In: Ginther, M., Bartel, A., Brunk, M., Schoeps, S., Striebel, M. (eds.) Progress
in Industrial Mathematics at ECMI 2010. Mathematics in Industry, vol. 17, pp. 131-136.
Springer, Berlin (2012)

11. Freund, R.W.: SPRIM: structure-preserving reduced-order interconnect macromodeling.
In: Proceedings of the International Conference on Computer Aided Design (ICCAD), pp. 80—
87. IEEE Computer Society, San Jose (2004)

12. Freund, R., Jarre, F.: A QMR-based interior—point algorithm for solving linear programs.
Math. Program. Ser. B 76(1), 183-210(1997)

13. Freund, R., Nachtigal, N.: QMR: a quasi-minimal residual method for non-hermitian linear
systems. Numer. Math. 60, 315-339 (1991)

14. Golub, G.H., Van Loan, C.F.: Matrix Computations. Johns Hopkins Studies in Mathematical
Sciences, 3rd edn. The Johns Hopkins University Press, Baltimore (1996)

15. Hackbusch, W.: Hierarchische Matrizen. Springer, Berlin/Heidelberg (2009)

16. Hinze, M., Volkwein, S.: Proper orthogonal decomposition surrogate models for nonlinear
dynamical systems: error estimates and suboptimal control. In: Dimension Reduction of Large-
Scale Systems. Lecture Notes in Computational Sience and Engineering, vol. 45, Chap. 10,
pp. 261-306. Springer, Berlin/Heidelberg (2005)

17. Hochbruck, M., Starke, G.: Preconditioned krylov subspace methods for lyapunov matrix
equations. SIAM J. Matrix Anal. Appl. 16(1), 156-171(1995)

18. lonu tiu, R., Rommes, J., Schilders, W.H.A.: SparseRC: sparsity preserving model reduction
for RC circuits with many terminals. IEEE Trans. Comput. Aided Des. Integr. Circuits Syst.
30(12), 1828-1841 (2011)

19. Jaimoukha, 1., Kasenally, E.: Krylov subspace methods for solving large Lyapunov equations.
SIAM J. Numer. Anal. 31(1), 227-251(1994)

20. Jbilou, K.: Block Krylov subspace methods for large continuous-time algebraic Riccati
equations. Numer. Algorithms 34, 339-353 (2003)

21. Jbilou, K.: An Arnoldi based algorithm for large algebraic Riccati equations. Appl. Math. Lett.
19(5), 437-444 (2006)

22. Jbilou, K.: ADI preconditioned Krylov methods for large Lyapunov matrix equations. Linear
Algebra Appl. 432(10), 2473-2485(2010)

23. Jhilou, K., Riquet, A.: Projection methods for large Lyapunov matrix equations. Linear Algebra
Appl. 415(2-3), 344-358 (2006)

24. Kressner, D., Tobler, C.: Krylov subspace methods for linear systems with tensor product
structure. SIAM J. Matrix Anal. Appl. 31(4), 1688-1714(2010)

25. Kressner, D., Plesinger, M., Tobler, C.: A preconditioned low-rank CG method for parameter-
dependent Lyapunov matrix equations. Technical report, EPFL (2012)

26. Kunisch, K., Volkwein, S.: Galerkin proper orthogonal decomposition methods for parabolic
systems. Numer. Math. 90, 117-148 (2001)

27. Levenberg, N., Reichel, L.: A generalized ADI iterative method. Numer. Math. 66, 215-233
(1993)

28. Li, J.R., White, J.: Low rank solution of lyapunov equations. SIAM J. Matrix Anal. Appl.
24(1), 260-280 (2002)

29. Mikkelsen, C.C.K.: Numerical methods for large lyapunov equations. Ph.D. thesis, Purdue
University (2009)

30. Odabasioglu, A., Celik, M., Pileggi, L.T.: PRIMA: passive reduced-order interconnect macro-
modeling algorithm. IEEE Trans. Circuits Syst. 17(8), 645-654 (1998)

31. Penzl, T.: Lyapack — a MATLAB toolbox for large Lyapunov and Riccati equations,
model reduction problems, and linear-quadratic optimal control problems (2000). Release 1.8
available at http://www.tu-chemnitz.de/mathematik/industrie_technik/downloads/lyapack-1.8.
tar.gz

32. Penzl, T.: A cyclic low-rank smith method for large sparse Lyapunov equations. SIAM J. Sci.
Comput. 21(4), 1401-1418(2000)


http://www.tu-chemnitz.de/mathematik/industrie_technik/downloads/lyapack-1.8.tar.gz
http://www.tu-chemnitz.de/mathematik/industrie_technik/downloads/lyapack-1.8.tar.gz

33.

34.

35.

36.
37.

38.

39.

40.

41.

42.

43.

44,

45,

46.

47.

LRCF Krylov Subspace Methods for Lyapunov Equations 193

Reis, T., Stykel, T.: PABTEC: passivity-preserving balanced truncation for electrical circuits.
IEEE Trans. Comput. Aided Des. Integr. Circuits Syst. 29(9), 1354-1367 (2010)

Reis, T., Stykel, T.: Positive real and bounded real balancing for model reduction of descriptor
systems. Int. J. Control 83(1), 74-88 (2010)

Saad, Y.: A flexible inner-outer preconditioned GMRES algorithm. SIAM J. Sci. Comput.
14(2), 461-469 (1993)

Saad, Y.: Iterative Methods for Sparse Linear Systems, 2nd edn. SIAM, Philadelphia (2003)
Saad, Y., Schultz, M.: GMRES: a generalized minimal residual algorithm for solving nonsym-
metric linear systems. SIAM J. Sci. Stat. Comput. 7(3), 856-869 (1986)

Sabino, J.: Solution of large-scale Lyapunov equations via the block modified smith method.
Ph.D. thesis, Rice University, Houston, TX (2006)

Schenk, O., G&tner, K.: Solving unsymmetric sparse systems of linear equations with
PARDISO. J. Futur. Gener. Comput. Syst. 20(3), 475-487 (2004)

Schenk, O., G&tner, K.: On fast factorization pivoting methods for symmetric indefinite
systems. Electron. Trans. Numer. Anal. 23(1), 158-179 (2006)

Simoncini, V.: A new iterative method for solving large-scale lyapunov matrix equations.
SIAM J. Sci. Comput. 29(3), 1268-1288 (2007)

Starke, G.: Optimal alternating direction implicit parameters for nonsymmetric systems of
linear equations. SIAM J. Numer. Anal. 28(5), 1432-1445 (1991)

Starke, G.: Fej&-Walsh points for rational functions and their use in the ADI iterative method.
J. Comput. Appl. Math. 46, 129-141 (1993)

Stykel, T.: Low-rank iterative methods for projected generalized Lyapunov equations. Electron.
Trans. Numer. Anal. 30, 187-202(2008)

Stykel, T., Reis, T.: Passivity-preserving balanced truncation model reduction of circuit
equations. In: Roos, J., Costa, L. (eds.) Scientific Computing in Electrical Engineering SCEE
2008. Mathematics in Industry, vol. 14, pp. 483-490. Springer, Berlin/Heidelberg (2010)

Van der Vorst, H.A.: Bi-CGSTAB: a fast and smoothly converging variant of Bi-CG for the
solution of nonsymmetric linear systems. SIAM J. Sci. Stat. Comput. 13(2), 631-644 (1992)
Wachspress, E.: Iterative solution of the Lyapunov matrix equation. Appl. Math. Lett. 107,
87-90(1988)




Index

H 4 -norm, 46

alternating direction implicit, 67
alternating direction implicit method, 160
Analog Insydes, 136, 137,144
asymptotically stable, 47

augmented matrix, 121, 122

balanced, 49
balanced truncation, 48, 116, 158
introduction, 158
numerical results, 173
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