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Chapter 2
The Approximation Problem

2.1 Introduction

Solution of the approximation problem is a major step in the design procedure of a filter
and is equally important in the design of both analog and digital filters. It is through the
solution of this problem that the filter designer determines the filter function, the response
which satisfies the specifications. Of course, the function obtained this way will satisfy the
specifications only approximately and not exactly. However, if the specifications are set
within the limitations of the LLF networks, the network realizing the approximating func-
tion will fulfil the requirements and thus be suitable for the task for which it is designed.

In this chapter, based on the contents of Chapter 1, we review first the characteristics of
the permitted functions, and we formulate the approximation problem. Next, we present
briefly the best known and most popular functions used in the solution of the approxima-
tion problem for the required filter response in the frequency domain. Then, since these
functions are lowpass, we introduce suitable frequency transformations in order to obtain
highpass, bandpass, or bandstop filters according to the requirements. Finally, we discuss
the transformation of elements and the scaling of impedance level.

2.2 Filter Specifications and Permitted Functions 

The knowledge gathered from the analysis of LLF networks, in the more general concept
of the term analysis, which was explained in Section 1.4, can help in the search for the most
suitable filter function to meet particular specifications. The results of this analysis impose
three important constraints on the permitted LLF network functions. These have to be
causal, rational, and stable.

Before proceeding to explain how to determine the filter function to meet a set of speci-
fications, we review these constraints briefly.

2.2.1 Causality

In general, causality refers to the fact that there can be no result without cause. In the case
of interest here, a causal network will not respond before an excitation has been applied to
its terminals. Thus, the unit impulse response is zero for time t < 0. The response in Fig.
2.1(a) is not causal; therefore, it cannot be realized. On the other hand, that in Fig. 2.1(b) is
causal, therefore realizable. Thus, the ideal lowpass filter is unrealizable, because its
impulse response is noncausal.
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In the frequency domain, causality is determined by means of the Paley-Wiener criterion
[1]. Consider the impulse response h(t), which possesses a Fourier Transform H(jω) for
which 

(2.1)

For H(jω) to be causal, the criterion is the following:

(2.2)

Some consequences of this criterion are the following: 

1. The magnitude function |H(jω)| cannot be zero for a finite frequency band.
However, it can be zero at a finite number of distinct frequencies.

2. The magnitude |H(jω)| cannot decrease faster than exponentially.

3. Because of this constraint, the ideal filters are unrealizable.

2.2.2 Rational Functions

The LLF network functions are rational, i.e., ratios of two finite polynomials of the Laplace
transform variable s. Therefore, it is not possible to realize the function e–sT by such a net-
work, because this function cannot be expressed in the form of a rational function.

2.2.3 Stability

The response of a stable network is bounded if the excitation is bounded. This means that,
if h(t) is the impulse response of the network, then

(2.3)

and  when .

FIGURE 2.1
(a) Noncausal and (b) causal response.
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In the frequency domain, stability implies that 

1. the network function H(s) does not have poles in the RH of the s-plane, 
2. any poles on the jω-axis are simple, and
3. the degree of the numerator polynomial cannot be higher than the degree of 

the denominator by more than one.

However, for a filter to be useful, its function H(s) has to be strictly stable, i.e., all its poles
must be located in the LH of the s-plane excluding the jω-axis (poles at zero and infinity are
considered to be located on the jω-axis).

2.3 Formulation of the Approximation Problem

In practice, the specifications of the filter may be given in terms of the cutoff frequency (or
frequencies) ωc, the maximum allowable deviation (error) Amax in the passband, the stop-
band edges (frequencies), and the minimum attenuation Amin in the stopband. In the case of
equalizers, it may be possible that the required frequency response is specified more
closely. In general, from the specifications, we will be able to draw a frequency response
magnitude plot, which will correspond to a prespecified curve. For example, for a lowpass
filter, this diagram will be of the form shown in Fig. 2.2. The required response will have to
lie between the limits set by the diagram. 

Theoretically, the approximation problem is stated as follows: 

1. Time domain:
The impulse response h(t) has to be approximated. An approximating function
h*(t) is selected such that some error ε is minimal, where

 (2.4)

FIGURE 2.2
A possible magnitude response which satisfies the specifications of a lowpass filter.
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Of course, h*(t) should be such that its Laplace transform H(s) is a realizable
function by a LLF network.

2. Frequency domain:
In the frequency, domain we often work in terms of lowpass functions, because
they are simpler, and because the highpass, bandpass, and bandstop responses
can be obtained from lowpass responses by means of suitable frequency trans-
formations.

Our problem here is to find a function F(s) the magnitude and/or phase
response of which approximates the prespecified curve according to a predeter-
mined criterion.

The approximation problem has been solved mathematically in various ways. In the case
of magnitude approximation, the best known and most popular lowpass functions are the
following: the Butterworth or maximally flat, the Chebyshev (Tschebycheff) or equiripple,
the monotonic or Papoulis, and the Cauer or elliptic function filters. Of course, with the use
of a computer, one may create one’s own approximating functions, particularly in the cases
of arbitrary responses of filters and equalizers. In such cases, techniques employing linear
segments, curve fitting, pole-zero placements, etc., have proved very useful in solving the
approximation problem.

In the case of delay approximation, best known functions are the Bessel-Thomson filters,
the Padè approximates, both maximally flat, and those of Chebyshev type.

In what follows, we introduce briefly the best known and practically useful approxima-
tions to the ideal lowpass filter and to the ideal delay.

2.4 Approximation of the Ideal Lowpass Filter

In practical filter design, the amplitude response is more often specified than the phase
response. The amplitude response of the ideal lowpass filter with normalized cutoff fre-
quency at ωc = 1 is shown in Fig. 2.3. As has already been explained in Section 2.2., this ideal
amplitude response cannot be expressed as a rational function of s. It is thus unrealizable.
If we accept a small error in the passband and a non-zero transition band, we may seek a
rational function F(s), the magnitude of which will approximate the ideal response as
closely as possible. A suitable magnitude function can be of the form

(2.5)

FIGURE 2.3
Ideal lowpass filter amplitude response.
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where ε is a constant between zero and one (0 < ε ≤ 1), according to the accepted passband
error, and w(ω2) is a function of ω2 such that 

0 ≤ w(ω2) ≤ 1 0 ≤ ω ≤ 1

and which increases very fast with increasing ω, for ω > 1, remaining much greater than one
outside the passband.

In general, the numerator of M(ω) may be a constant other than unity, which will influ-
ence the gain (or attenuation) at ω = 0 (at dc). 

In the following, we review the most popular functions w(ω2) and the corresponding
F(s), the magnitude of which approximate the amplitude response of the ideal lowpass
filter.

2.4.1 Butterworth or Maximally Flat Approximation

If we let ε = 1 and 

in Eq. (2.5), n being a positive real integer, we will get the following amplitude function:

(2.6)

It can be seen that

M(0) = 1

while M(ω) decreases monotonically with increasing ω.
At ωc = 1,

or

In other words, at ωc = 1, the amplitude is 3 dB below its value at dc. This is the cutoff fre-
quency of the filter. Clearly, this is independent of n, the order of the filter function, which
in fact determines how close to the ideal is the approximating function M(ω), i.e., how suc-
cessful the approximation is.

Equation (2.6) for different n gives the amplitude response of the various Butterworth fil-
ter functions. The Butterworth approximation is also called the maximally flat approxima-
tion, because the first 2n – 1 derivatives of M(ω), the maximum number in Eq. (2.2), are zero
at ω = 0. The error in the passband is zero at ω = 0 and maximal (3 dB) at cutoff. Between
ω = 0 and ω = 1, the error takes intermediate values increasing monotonically from the zero
value with increasing ω. For values of ω >> 1, M(ω) behaves approximately as

w ω2( ) ω2n=

M ω( ) 1

1 ω2n+[ ] 1 2⁄-----------------------------=
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2
------- 0.707= =

20 M 1( )log 10 2log– 3.01–= =
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i.e., it changes asymptotically as 

 (2.7)

or, in other words, it falls off by 6n dB/octave (20n dB/decade).
We now seek to obtain the network function F(s) whose magnitude with s = jω is M(ω).

We proceed as follows. Observing that

 (2.8)

we may write

By a process known as analytic continuation, it turns out that we may remove the s = jω
constraint and write

  (2.9)

Now define a function P(s2) such that 

(2.10)

when we will also have that

Thus, knowing P(–ω2) through M2(ω), we can obtain P(s2) by setting s2 for –ω2 in Eq. (2.8).
Then, expressing P(s2) in the form of Eq. (2.10), we observe that the poles of F(s) are sym-
metrical to those of F(–s) about the jω-axis. Since F(s) has to be a stable function, we identify
its poles as those of P(s2) with negative real part.

The poles of P(s2) are the roots of the equation

(2.11)

It can be shown that the solution of Eq. (2.11) is the following:

(2.12)

for k = 1, 2,..., 2n.
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The n poles of F(s) are those obtained from Eq. (2.12) with k = 1, 2,..., n. All poles have
magnitude equal to unity and lie on the circumference of the unit circle equally spaced.

As an example, consider the case for n = 4. We have

Then

The poles of P(s2), are found from Eq. (2.12) for k = 1, 2,..., 8. These lie on the circumference
of the unit circle as shown in Fig. 2.4.

Of these, the first four (k = 1, 2, 3, and 4) will be assigned to F(s), since they have to lie on
the LH of the s-plane. They are as follows:

s1 = –0.3827 + j0.9239

s2 = –0.9239 + j0.3827

s3 = –0.9239 – j0.3827

s4 = –0.3827 – j0.9239

Therefore, the fourth-order Butterworth lowpass function will be

M2 ω( ) 1

1 ω8+
---------------=

P s2( ) 1

1 s8+
-------------=

FIGURE 2.4
Poles of the Butterworth filter for n = 4.
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Grouping complex conjugate pole terms, it turns out that

or multiplying out in full,

The denominator of this last expression is known as a Butterworth polynomial. The first
ten Butterworth polynomials in two forms are given on Table A.1 at the end of the book for
easy reference. Finally, in Fig. 2.5 the magnitude response of the third-order Butterworth
filter is shown together with the responses of two other filters we are dealing with next for
comparison.

2.4.2 Chebyshev or Equiripple Approximation

In this case, Eq. (2.5) takes the following form: 

(2.13)

Here again, 0 < ε ≤ 1, and Cn(ω) is a Chebyshev polynomial of degree n having the following
form:

(2.14)

F s( ) 1

s2 0.7654s 1+ +( ) s2 1.8478s 1+ +( )
----------------------------------------------------------------------------------------=

F s( ) 1

s4 2.613s3 3.414s2 2.613s 1+ + + +
-------------------------------------------------------------------------------------=

FIGURE 2.5
Magnitude responses of the Butterworth third-order lowpass filter and the corresponding Chebyshev (1 dB
ripple) and Bessel filters.
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Clearly, Cn(ω) varies between +1 and –1 in the passband (0 ≤ ω ≤ 1), while its absolute
value increases rapidly with ω above ω = 1. Consequently, M(ω) varies between 1 and
(1 + ε2)–1/2 in the passband having an oscillatory or ripple error of

Thus, the accepted error in the passband determines the value of ε.
The Chebyshev polynomials can be obtained by the recursion formula

(2.15)

with

C0(ω) = 1

C1(ω) = ω

A plot of the Chebyshev polynomials with n = 1, 2, and 3 is given in Fig. 2.6.
Therefore, at dc (ω = 0), we will have 

Outside the passband and for ω >> 1, M(ω) behaves approximately like (ε 2n–1ωn)–1, i.e.,
the attenuation for ω >> 1 will be 

(2.16)

20 1 ε2+( )1 2⁄
log 10 1 ε2+( )log   dB=
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FIGURE 2.6
Plot of Chebyshev polynomials of degrees n =
1, 2, and 3.
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compared to 20 n log ω in the corresponding Butterworth function. Thus, for ε > 1, the Che-
byshev approximation has an advantage of 20 log ε + 6(n – 1) dB over the Butterworth
approximation. However when ε < 1, this advantage becomes less significant, since then
log ε will be negative.

By a similar procedure to the Butterworth case, the poles of the Chebyshev filter func-
tions can be shown to be as follows:

where

 (2.17)

(2.18)

with

These poles lie on an ellipse defined by the following equation:

 (2.19)

The major semi-axis of the ellipse falls on the jω-axis, its length being ± cosh βk, whereas
the length of the minor semiaxis is ± sinh βk. 

The points of intersection of the ellipse and the jω-axis define the –3 dB frequencies (half-
power frequencies), which are thus equal to ± cosh βk. The corresponding Butterworth fre-
quencies are always ωc = ±1.

We may normalize the poles of the Chebyshev functions in order to have the half-power
frequencies (–3 dB frequencies) appearing at ωc = 1, by dividing sk by cosh βk. Then, the nor-
malized poles sk will be as follows:

with

(2.20)
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Comparing  with the corresponding poles of the Butterworth functions, it can be seen
that they have the same imaginary parts, whereas their real parts differ by the factor tanhβk.
The relative locations on the s-plane of the Butterworth and normalized Chebyshev func-
tion poles are given in Fig. 2.7 for n = 3. For ε = 0, when βk = oo   and tanhβk = 1, the poles of the
Butterworth and Chebyshev functions coincide.

The coefficients of the Chebyshev filter functions, as well as their poles, have been tabu-
lated for various ripple values i.e., 0.1, 0.5, 1, …, 3 dB. A sample of such a tabulation is given
on Table A.2 in Appendix A. This table does not give the normalized Chebyshev filter func-
tions. In all these cases, the upper edge of the passband ripple occurs at ωc = 1.

The amplitude responses for the 1 dB ripple and the 3 dB ripple third-order Chebyshev
lowpass functions

and

are shown in Fig. 2.8 for comparison with the response of the corresponding Butterworth
filter. It can be seen that the Chebyshev filters have equiripple response in the passband
and fall off monotonically outside it.

2.4.3 Inverse Chebyshev Approximation

The Chebyshev polynomials are also used to obtain the so-called Inverse Chebyshev filter
functions, the magnitude of which is given as follows:

s′ k

FIGURE 2.7
Relative positions of Butterworth and normalized Chebyshev poles.

F1dB s( ) 0.491

s3 0.988s2 1.238s 0.491+ + +
-----------------------------------------------------------------------=

F3dB s( ) 0.2506

s3 0.597s2 0.928s 0.2506+ + +
--------------------------------------------------------------------------=
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(2.22)

The properties of these functions are complementary to those of the Chebyshev functions
in the sense that they present maximum flatness in the passband and equiripple behavior
in the stopband. Also, their phase response and consequently their group delay is better
than that of the Chebyshev filter. In Fig. 2.9, the magnitude response of the third-order
Inverse Chebyshev and the corresponding Chebyshev function are shown for comparison.

FIGURE 2.8
Comparison of the magnitude response of 1 dB and 3 dB ripple Chebyshev third-order lowpass filters and with
the corresponding Butterworth filter.

M2 ω( )
ε2Cn

2 1
ω
---- 

 

1 ε2Cn
2 1

ω
---- 

 +

------------------------------=

FIGURE 2.9
Magnitude response of the third-or-
der Chebyshev (1 dB ripple) and the
corresponding Inverse Chebyshev
functions.
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2.4.4 Papoulis Approximation

Filter L or Papoulis functions approximating the ideal lowpass filter response are obtained
from Eq. (2.5) if we let ε = 1 and

(2.23)

with Ln(ω2) having the following properties:

a. Ln(0) = 0

b. Ln(1) = 1

c.

d.

Property c secures monotonicity in the amplitude response, whereas property d that the fall
off rate at cutoff (ω = 1) is the greatest possible, if monotonicity is assumed.

Ln(ω2) polynomials are related to the Legendre Pk(x) polynomials of the first kind. Some
of them are given on Table 2.1.

The corresponding filters are known as Legendre, Class L, or Papoulis filters [2]. Their
poles are found by the procedure that was followed in the case of Butterworth filters.

The main characteristics of these filters are the following:

• Their amplitude response is monotonic.

• The falloff rate at cutoff is the greatest, assuming monotonicity.

• All of their zeros are at infinity.

Because L-filters are less sharp than Chebyshev filters, they are not as popular. However,
in cases where the ripple in the passband is undesirable and so the use of Chebyshev filters
is excluded, they could be preferable to Butterworth because of their steepest slope at cutoff.

2.4.5 Elliptic Function or Cauer Approximation

The filters examined so far have, except for the Inverse Chebyshev, all of their zeros at infin-
ity. However, in some cases, a higher falloff rate is required in the transition band; in other
words, a very high attenuation is required very near the cutoff frequency. This requirement

TABLE 2.1

Ln(ω2) Polynomials

n Ln(ω2)

2 ω4

3 3ω6 – 3ω4 + ω2

4 6ω8 – 8ω6 + 3ω4

5 20ω10 – 40ω8 + 28ω6 – 8ω4 + ω2

w ω2( ) Ln ω2( )=

dLn ω2( )
dω

-------------------- 0≥

dLn ω2( )
dω

--------------------
ω 1=

max=
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mandates the use of elliptic functions in the approximation, thus obtaining the elliptic func-
tions or, simply, elliptic or Cauer filters.

These filters display equiripple behavior both in the passband and the stopband. The
typical magnitude response of a third-order elliptic filter is shown in Fig. 2.10, correspond-
ing to the following general filter function F(s).

(2.24)

The characteristic quantities that determine the elliptic filter specifications are the maxi-
mum passband error, given as maximum attenuation Amax in the passband, the minimum
attenuation Amin in the stopband, the frequency ωs at which the stopband starts, and the
passband edge or cutoff frequency ωc.

In the case of the elliptic filters, Eq. (2.5) is written in the following form:

(2.25)

where Rn, depending on whether n is odd or even, is either

n odd (n = 2k + 1) (2.26)

or

n even (n = 2k) (2.27)

It can be seen from Eqs. (2.26) and (2.27) that

(2.28)

FIGURE 2.10
Typical magnitude response of an
elliptic filter of third order.
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The meaning of this is that the value of Rn(ω) at a frequency ω´ in the band 0 ≤ ω ≤ 1 is the
reciprocal of its value at the frequency 1/ω´ in the 1 < ω < ∞ frequency band. Therefore, if
the critical frequencies could be found that lead to equiripple behavior in the passband,
automatically the function will have equiripple behavior in the stopband also. Since |F|2

is bounded, the poles of F(s) cannot lie on the jω-axis. Also, since |F(jω)|2 cannot be zero
inside the passband, its zeros should lie outside the passband. However, the zeros of
|F(jω)|2 are the poles of Rn(ω). Therefore, all the poles of Rn(ω) should be greater than unity.
This means that the zeros of Rn(ω) should all lie in the band 0 ≤ ω < 1.

The poles, zeros, and frequencies ωs have been tabulated for various combinations of val-
ues of Amax and Amin. In such tables, the ripple in the passband is usually given in terms of
the reflection coefficient ρ, which is related to Amax as follows:

(2.29)

It must be stressed that, with Amax, Amin, ωc, and ωs known, the solution of the approxima-
tion problem by means of the elliptic filters requires the lowest-order function and, there-
fore, it can be realized with the lowest cost. For this reason, the elliptic filters are used most
often in practice.

Some elliptic filter functions are given in the Appendix A in Table A.3 for a certain value
of maximum attenuation Amax in the passband. Clearly, for the selection of the suitable ellip-
tic filter, the specifications should include the values of Amax, Amin, Ωs(ωs/ωc), and n. In con-
trast, only the filter order n is required in the case of the Butterworth filter, whereas in the
case of the Chebyshev filter the values of n and ε (or Amax) should be given. It is very impor-
tant for the reader to know that, given Amin, Amax, Ωs(ωs/ωc), the required value of n can be
quickly determined for the Butterworth, Chebyshev, and Cauer filters from corresponding
nomograms [4].

2.4.6 Selecting the Filter from Its Specifications

In the table giving the Butterworth filter functions, it is assumed that the cutoff frequency
is normalized to unity, i.e., Ωc = 1. The suitable filter function can be read off this table, if its
order n has been determined from the specifications. Thus, if the desired rate of fall in the
transition band is 6N dB/octave, because n is an integer, we select n = N if N is an integer;
otherwise, the value of n will be equal to the nearest integer greater than N.

However, in some cases the filter specifications may be given differently. Let us suppose,
in the more general case, that the filter specifications require the maximum attenuation in
the passband to be Amax (<3 dB), occurring at ωp rad/s (not normalized), and that beyond
the frequency ωs (rad/s) the minimum attenuation should be As (in dB). In such cases, the
determination of the Butterworth filter order n can proceed as follows.

We suppose that the 3 dB (cutoff) frequency is ωc rad/s, which of course corresponds to
the normalized cutoff frequency Ωc. Then the normalized frequencies Ωp and Ωs will be the
following:

(2.30)

From Eq. (2.6), with A = –20 log M(ω), we have

Amax 10 1 ρ2–( )log–   dB=

Ωp

ωp

ωc

------ Ωs
ωs

ωc

------= =
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(2.31)

from which, solving for , we obtain

(2.32)

Similarly, we will have for Ωs

(2.33)

Dividing Eq. (2.33) by Eq. (2.32) gives

(2.34)

But, because of Eq. (2.30),

(2.35)

Then, substituting ωs/ωp for Ωs/Ωp in Eq. (2.34), we obtain the following required value of
n: 

(2.36)

It should be pointed out that this value of n will not be necessarily an integer. Then, the
order of the required Butterworth filter function will be equal to the nearest integer greater
than this value.

Next, we must determine the value of ωc. Substituting the value of n that was found in
Eq. (2.32) [or in Eq. (2.33)], the actual value of Ωp (or Ωs) is determined and, using Eq. (2.30),
the value of ωc is obtained. In general, the value of ωc which is obtained based on the value
of Ωp will be different from that obtained based on Ωs. However, any one of these values of
ωc will satisfy the filter specifications. The same is true if we use the mean of these two val-
ues of ωc. 

To demonstrate, this let the filter specifications be the following: 

Substituting in Eq. (2.36) gives 

n = 4.3

We select n to be the next integer value, i.e., 5.

Ap 20 1 Ωp
2n+( )1 2⁄

log 10 1 Ωp
2n+( )log= =

Ωp
2n

Ωp
2n 10

0.1Ap 1–=

Ωs
2n 10

0.1As 1–=

Ωs

Ωp

------ 
 

2n 10
0.1As 1–

10
0.1Ap 1–

------------------------=

Ωs

Ωp

------
ωs

ωp

------=

n
1
2
--- 10

0.1As 1–

10
0.1Ap 1–

------------------------
 
 
  ωs

ωp

------ 
 log

1–

log=

f p 3 kHz, Ap 1 dB, f s≤ 6 kHz, As 20 dB≥= =
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Substituting for n in Eqs. (2.32) and (2.33), we find the following values for Ωp and Ωs: 

Ωp = 0.87361

Ωs = 1.5833

Then, from Eq. (2.30), for Ωp = 0.87361, we get one value of ωc.

and for Ωs = 1.5833 another

We may choose to consider as the ωc value the mean of  and , namely

Either of , , or ωc can be used as the required cutoff frequency ωc. To show this, we
calculate the values of Ap and As by means of Eqs. (2.32) and (2.33), which correspond to
each of these three values of ωc. Results are given in Table 2.2.

Clearly, the specifications are satisfied in all three cases.
Let us now consider the selection of the Chebyshev filter satisfying certain specifications.

Since Cn(1) = 1 for any integer n, we will have from Eq. (2.13)

(2.37)

from which

(2.38)

For the previous example, substituting for Ap(= Amax) = 1 dB Eq. (2.38) gives

ε = 0.505

Considering that at Ωs the filter function behaves approximately as  we obtain

(2.39)

TABLE 2.2

fc (kHz) Ap (dB) As (dB)

3.434 1 24.25

3.78955 0.401 20

3.61148 0.63 22.1

ωcp
2π 3.434 krad/s×=

ωcs
2π 3.78955 krad/s×=

ωcp
ωcs

ωc

ωcp
ωcs

+

2
--------------------- 2π 3.61148 krad/s×= =

ωcp
ωcs

20 1 ε2Cn
2 1( )+[ ] 1 2⁄

log 10 1 ε2+( )log Ap= =

ε 10
0.1Ap 1–=

ε2n 1– Ωn( ) 1–

As 20 εlog 6 n 1–( ) 20n Ωlog+ +≅
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In the case of the present example, Ω = Ωs = 2 since ωc = ωp. Then, Eq. (2.39) gives 

20 = 20 log 0.505 + 6(n – 1) + 20n log 2

from which, solving for n, we get n = 2.69. Therefore, the required order of Chebyshev filter
will be n = 3, which is lower than the required order n = 5 of the Butterworth filter.

The case of the Cauer filter is much simpler, since n can be obtained straight from tables,
given the specifications ωp, Ap, ωs, and As, again using ωp as ωc. From such tables [3], or the
corresponding nomogram [4] in the case of the previous example, we obtain n = 3. Since n
is also 3 in the Chebyshev case, we prefer to realize the Chebyshev function, since the cost
will be lower, as we shall see in later chapters. It should be mentioned, however, that in
practical filter design, in which the fall-off rate is higher than that in this example, the order
of the Chebyshev filter is always higher than the order of the corresponding Cauer filter,
and the most economical filter will be the Cauer filter.

2.4.7 Amplitude Equalization

In some cases, the amplitude response of the practical filter may not match the amplitude
response of the function it realizes. This is because the performance of its components is
not ideal. To avoid the subsequent distortion of the signal when passing through the filter,
it is necessary that its amplitude response be corrected or, in an other word, equalized.

It is obvious that the transfer function of the equalizer cannot be selected from a prede-
termined set of functions, since it depends uniquely on the individual filter response that
requires equalization. Once the equalizer response has been deduced from the difference
between the expected response and the “actual” filter response, the latter obtained by sim-
ulation of the filter on the computer using non-ideal components, a function approximat-
ing the equalizer response should be found. This can be achieved by applying curve-fitting
techniques and an optimization program, while care should be taken in order that the
resulting function will be realizable (permitted function). Another approach would start
with a certain pole and zero placement and use then the optimization program to adjust
their locations until the required response is obtained.

A practical approach [6] suitable in the case of passive filters is to use a cascade of simple
networks, e.g., the constant-resistance bridge-T network, the amplitude response of which
can be relatively easily adjusted. By properly selecting the component values of the sec-
tions, the overall response of the cascaded sections can be adjusted to match the required
equalizer response.

2.5 Filters with Linear Phase: Delays

As was explained in Section 1.6.2, if 

we define the group delay τg as 

ϕ ω( ) H jω( )arg≡
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(2.40)

whereas

(2.41)

is the phase delay.
It can be shown [5] that the definition of the group delay has a physical meaning only

when (a) the magnitude function varies slowly with frequency, and (b) the phase varies
nearly linearly with frequency over the band of interest.

If H(s) is a rational function, the same will be true for the group delay τg, while the phase
delay τp will not be a rational function.

The function

has linear phase, since

and represents the pure delay T, since

However, e–sT is not a rational function of s.
Thus, although it can be realized by a lossless transmission line terminated at both ends

in its characteristic impedance, it cannot be realized by an LLF network.
We can approximate e–sT though by a rational function having either all its zeros at infin-

ity (polyonimic) or in the RH of the s-plane (non-minimum phase function).
This approximation can be achieved either by way of approximating the linear phase

–ωT [Fig. 2.11(a)] or by way of approximating the group delay T [Fig. 2.11(b)], as was indi-
cated in the case of the ideal lowpass filter. Some useful delay approximation functions are
briefly reviewed below.

τg  
dϕ ω( )

dω
----------------–≡

 
ϕ ω( )

ω
------------– τ p=

H s( ) e sT–=

ϕ ω( )  e jωT–arg≡ ωT–=

 
dϕ
dω
-------– T=

FIGURE 2.11
(a) Ideal linear phase and (b) group delay response.
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2.5.1 Bessel-Thomson Delay Approximation

The approximation of the constant group delay T normalized to unity can be obtained by
a procedure similar to that followed in the case of magnitude response. Let us select the
approximation function F(s) to be polyonimic, i.e., of the form

(2.42)

where K is a constant, and Dn(s) a polynomial with positive constant coefficients of order n. 
From F(s) we obtain the phase function

Next, we perform a Taylor expansion of ϕ(ω) about ω = 0 and take the derivative with
respect to ω, which we equate to the negative of the group delay T = 1. Equating then coef-
ficients of equal powers of ω, we obtain a number of equations equal to the desired order
of approximation n. Clearly, only the constant term of –dϕ/dω is equated to 1. All the other
coefficients are set equal to zero. Solution of this set of equations will give the values of the
n coefficients of Dn(s). The value of K in Eq. (2.42) is equal to the constant term of Dn(s), nor-
malizing thus the magnitude of F(jω) at ω = 0 to unity.

As an example, consider the case n = 2. Let

Then,

Taylor’s expansion of ϕ(ω), assuming that , is

Taking the derivative of ϕ(ω) with respect to ω of the first two terms in the series, and ignor-
ing the rest for ω such that ω << 1 gives

or

Equating this to 1 and multiplying through by (β – ω2)4 gives the following equation:

F s( ) K
Dn s( )
--------------=

ϕ ω( ) F jω( )arg=

D2 s( ) s2 αs β+ +=

ϕ ω( ) F jω( )arg  tan1––
αω

β ω2–
---------------= =

y ω( ) αω β ω2–( )⁄ 1<=

ϕ ω( ) αω
β ω2–
--------------- α3ω3

3 β ω2–( )3
-------------------------– …+–=

 
dϕ ω( )

dω
----------------– αβ αω2+

β ω2–( )2
------------------------

1
3
--- 3α3ω2 β ω2–( )3

6α3ω4 β ω2–( )2
+

β ω2–( )6
-----------------------------------------------------------------------------------–=

 
dϕ ω( )

dω
----------------– αβ αω2+( ) β ω2–( )2 α3ω2 β ω2–( ) 2α3ω4––

β ω2–( )4
----------------------------------------------------------------------------------------------------------------=
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Now we equate the constant term on the one side of this equation to the constant term on
the other side and obtain

or

We do the same for the coefficients of ω2  and get

But, since α = β, this equation gives β = 3. Therefore, the second-order delay function will
be the following:

Following this approach, it is found [5] that the polynomials Dn(s) are related to the Bessel
polynomials Gn(s) of degree n by the following relationship:

(2.43)

These Bessel polynomials are defined as follows: 

(2.44)

It can be shown that all of Dn(s) zeros are located in the LH of the s-plane, and there exists
at most one zero on the negative real semi-axis.

The first two polynomials and the recursion formula for obtaining Dn(s) of any degree n
are as follows:

Do = 1

D1(s) = s + 1

Dn(s) = (2n – 1)Dn–1(s) + s2Dn–2(s) (2.45)

The first 5 Dn(s) polynomials and their roots are given in Table 2.3.
The delay functions F(s) obtained this way are called Bessel or Thomson filters, and they

approximate the ideal delay according to the maximally flat criterion. Their amplitude

αβ αω2+( ) β ω2–( )2 α3ω2 β ω2–( ) 2α3ω4–( )– β ω2–( )4
=

αβ3 β4=

α β=

αβ2 α3β+ 4β3=

F2 s( ) 3

s2 3s 3+ +
-------------------------=

Dn s( ) Gn
1
s
--- 

  sn=

Gn
1
s
--- 

  n k+( )!
n k–( )!k! 2s( )k

-------------------------------------
k 0=

n

∑≡
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response is lowpass with a cutoff frequency depending on the value of n and given by the
following approximate formula (for n ≥ 3):

(2.46)

This can be easily seen in Fig. 2.12(a), showing the magnitude response of the first three
Bessel filters of odd orders.

The corresponding phase response plots are shown in Fig. 2.12(b). It can be seen that the
bandwidth with nearly linear phase also increases with increasing n. 

In Fig. 2.5 the amplitude, and in Fig. 2.13 the phase response, of the third-order Bessel
filter are shown along with the corresponding responses of the Butterworth and the 1 dB
ripple Chebyshev filters of the same order. It can be seen that, from the selectivity point of

TABLE 2.3

Dn(s) Polynomials and Their Roots

n Dn(s) Roots of Dn(s)

1 s + 1 –1

2 s2 + 3s + 3 –1.5 ± j0.867

3 s3 + 6s2 + 15s + 15 –2.322, –1.839 ± j1.754

4 s4 + 10s3 + 45s2 + 105s + 105 –2.896 ± j0.867, –2.104 ± j2.657

5 s5 + 15s4 + 105s3 + 420s2 + 945s + 945 –3.647, –3.352 ± j1.743, –2.325 ± j3.571

ω3dB 2n 1–( ) 2ln=

FIGURE 2.12
(a) Magnitude and (b) phase response of the
first three Bessel filters of odd orders.
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view, the Bessel filter is at a disadvantage, but its phase response, as far as linearity is con-
cerned, is by far superior—particularly when compared to the Chebyshev phase response.

As a consequence of their superior phase response, the time response of the Bessel-
Thomson filters also displays superior performance concerning fidelity to the input wave-
forms over the other lowpass filters. In other words, they transmit, for example, square
pulses with lower distortion than the other filters. This can be easily seen in Fig. 2.14, where
the step response of the three filters considered above is shown. Clearly, the rise time, the
settling time, and the overshoot are lower for the Bessel filter than for the other two.

It can also be seen that the Bessel response rises to 50 percent of its final value at td = 1s,
which is equal to the unit (1s) delay it approximates. This justifies the characterization of td

as the delay time.

FIGURE 2.13
Phase response of Bessel, Butterworth, and Chebyshev (1 dB ripple) third-order filters.

FIGURE 2.14
Step response of the Bessel, Butterworth, and Chebyshev (1 dB ripple) third-order filters.
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This observation is nearly true for the corresponding response of the Bessel filters of any
order n. However, as n increases, the rise time becomes shorter, and thus the step response
comes nearer to the undistorted step. This is so because, as n increases, more frequencies of
the infinite spectrum of the input step fall within the bandwidth of nearly linear phase, and
thus the approximation comes closer to the input.

The reduced rise time with increasing n can also be proved, if the magnitude response of
the Bessel filters is considered. Clearly, from Eq. (2.46) and the plots in Fig. 2.12(a), the 3 dB
bandwidth increases with increasing n. Then, from Eq. (1.33), it follows that the rise time
should decrease with increasing n.

The bandwidth ωo of the maximally flat delay is defined [4] as the reciprocal of the delay
at ω = 0, i.e.,

(2.47)

Since the normalized delay is 1, ωo will also be 1, i.e.

(2.48)

Clearly, the meaning of Eq. (2.47) is that the product bandwidth times delay is constant.
That is, large bandwidth corresponds to short delay and vice versa.

Letting s = ju, where

we can create two tables, the first giving the u values (for each n) for certain deviations of
the time delay from its ideal value (i.e., its value at ω = 0), and the second giving the values
of u (for each n) in which the attenuation is certain decibels below its value at ω = 0. From
these tables, the designer can select the value of n and consequently determine the corre-
sponding Bessel-Thomson delay function that suits best the specifications (see Reference 3).

2.5.2 Other Delay Functions

Another class of functions approximating in fact the phase of e–sT according to the maxi-
mally flat criterion at ω = 0 are the allpass Padè approximations [6]. All of the zeros of these
functions lie on the RHP located symmetrically to the poles with respect to the jω-axis. The
magnitude response of these is unity for all ω and their useful bandwidth is twice that of
the Bessel-Thomson delays of corresponding orders. However, in spite of these useful char-
acteristics, their step response displays a very narrow precursor of height about equal to
their final value, a highly undesirable characteristic (see Fig. 2.15). To avoid the appearance
of this precursor in the step response one may use lowpass Padè delay approximations [7]
or other more useful delay functions [8, 9, 10]. Other delay functions which approximate
the group delay according to the Chebyshev criterion have also been proposed [11]. These
display improved characteristics over the Padè delay functions of corresponding orders.

In general, the function that will be selected for delaying a signal will depend greatly on
the type of signal. Thus, if the signal is in the form of a step, a lowpass delay is more suit-
able than an allpass. In the case of a signal with a certain bandwidth though, an allpass
function with linear phase may satisfy the specifications more effectively. In practice, on

ωo
1
T
---=

ωo 1=

u ωT
ω
ωo

------= =
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many occasions, the combination of a lowpass filter with sharp cutoff and an allpass func-
tion filter connected in cascade results in the desirable solution, as explained next.

2.5.3 Delay Equalization

As it was mentioned in the previous section, the step response of the Bessel-Thomson fil-
ters, due to their linear phase response, makes them more suitable in pulse transmission
than the corresponding Butterworth, Chebyshev or Cauer filters. However, from the selec-
tivity point of view their performance is very poor compared to the other filters.

To achieve both phase linearity and good selectivity in the amplitude response, a practi-
cal solution is to use suitable allpass functions of second-order in order to modify the phase
of the filter that has the desirable magnitude response. Their use will not affect the filter
magnitude response, since they are allpass. Such functions will be of the form

(2.49)

They will be selected by means of a computer optimization program, which will determine
the most suitable coefficient values β and γ in each case.

This procedure, called phase equalization, proves to be very useful in problems where
the required filter should possess high selectivity and at the same time linear phase
response, i.e., constant group delay. 

2.6 Frequency Transformations

The filter functions that were reviewed in the previous sections refer to lowpass filters.
They are given in normalized form, i.e., their passband width is unity. In all these tables,
the normalized frequency sn is implied for sinusoidal excitation sn = jΩ with

FIGURE 2.15
Step response of the second-order allpass Padè delay function.

F s( ) s2 βs– γ+

s2 βs γ+ +
--------------------------=
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where ω is the real frequency variable, and ωc is the actual cutoff frequency of the desired
lowpass filter. Following this convention, the normalized cutoff frequency Ωc of all filters is

We will now show by means of suitable transformations how we can obtain denormal-
ized lowpass, highpass, bandpass, bandstop filters, and delays using data obtained from
the tabulated normalized lowpass functions. In all cases, we refer to frequency response,
when s = jω.

2.6.1 Lowpass-to-Lowpass Transformation

In the normalized lowpass function, if we substitute s/ωc for sn, we will obtain the denor-
malized lowpass function with ωc being its cutoff frequency. For example, for the first-order
Butterworth function

(2.50)

we will get 

(2.51)

which is also lowpass with its cutoff frequency at ωc.
Clearly, with this transformation, the normalized frequency band  is trans-

formed to the denormalized frequency band

as shown in Fig. 2.16.
As can be seen from Eqs. (2.50) and (2.51) the shape of the frequency response does not

change with this transformation. Following this, it is obvious that transmission zeros at Ω1

will appear at the frequency ω1 = Ω1ωc in the denormalized magnitude response. This is
shown clearly in Fig. 2.17.

Finally, it should be mentioned that the gain of the normalized filter functions is assumed
to be normalized, i.e., its maximum value is equal to unity. It is usual that in filter design
we are not so interested in the actual value of the magnitude in the corresponding response,
but in its relative value (or relative attenuation), which determines the filter selectivity.

Ω ω
ωc

------=

Ωc 1=

F sn( ) 1
sn 1+
-------------=

F s( ) 1
s ωc 1+⁄
---------------------

ωc

s ωc+
--------------= =

0 Ω 1≤ ≤

0 ω ωc≤ ≤

FIGURE 2.16
Lowpass-to-lowpass transformation.
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2.6.2 Lowpass-to-Highpass Transformation

Applying the transformation

a lowpass function is transformed to a highpass.
The frequencies 0 and ∞ of the lowpass function are transformed to ∞ and 0, respectively,

while the cutoff frequency of the lowpass, which is 1 in the normalized function, is trans-
formed to itself in the new function. Thus, the passband of the lowpass  is trans-
formed to the passband  of the highpass function as shown in Fig. 2.18(a).

Following the same argument as in the case of the lowpass-to-lowpass transformation, if
we substitute ωc/s for sn in Eq. (2.50) we will get

(2.52)

which is a highpass function with ωc its cutoff frequency. The mapping of the lowpass pass-
band  to the highpass passband  is shown pictorially in Fig. 2.18(b).

FIGURE 2.17
Lowpass-to-lowpass frequency transformation.

sn
1
s
---→

0 Ω 1≤ ≤
0 Ω ∞≤ ≤

FIGURE 2.18
Lowpass-to-highpass transformation.

F s( ) s
s ωc+
--------------=

0 Ω 1≤ ≤ ωc ω ∞≤ ≤
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2.6.3 Lowpass-to-Bandpass Transformation

Applying the transformation

a lowpass function is transformed to a bandpass function with a passband width equal to
that of the lowpass, i.e., equal to 1. There are two bandpass cutoff frequencies, Ωc1 and Ωc2,
such that

and

(2.53)

Ωo is called the normalized center frequency of the bandpass function. The passband map-
ping is shown in Fig. 2.19(a).

The bandwidth of the passband is

(2.54)

since this has to be equal to that of the lowpass. Solving Eqs. (2.53) and (2.54) for Ωc1 and
Ωc2 gives the following: 

(2.55)

Using this transformation in the example we considered before, the lowpass Butterworth
function [Eq. (2.50)] will be transformed to the function

which is bandpass, since it becomes zero at Ω = 0 and ∞.

sn s
1
s
---+→ s2 1+

s
-------------=

Ωc1Ωc2 1=

Ωo
2 Ωc1Ωc2 1= =

FIGURE 2.19
Lowpass-to-bandpass transformation.

Ωc2 Ωc1– 1=

Ωc1  
1
2
--- 5

2
-------+–=

Ωc2
1
2
--- 5

2
-------+=

F s( ) s

s2 s 1+ +
----------------------=
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Denormalization of the bandpass function to a center frequency ωo is obtained by substi-
tuting ω/ωo for Ω in Eqs. (2.53) to (2.55). The bandwidth of the denormalized function will
then be

If the bandwidth should be other than ωo, the transformation has to be modified. Thus,
we may obtain the denormalized bandpass function straight from the normalized lowpass
function by applying to the latter the following transformation:

Corresponding mapping of the passbands and stopbands are shown in Fig. 2.19(b). In this
case,

(2.56)

2.6.4 Lowpass-to-Bandstop Transformation

Applying the transformation

a normalized lowpass function is transformed to a bandstop (bandreject) function, the
stopband of which is between the normalized frequencies Ωc2 and Ωc1 as shown in
Fig. 2.20(a).

To obtain the required denormalized bandstop function from the normalized lowpass
function, the suitable transformation is

B ωc2 ωc1– ωo= =

sn

ωo

B
------ s

ωo

------
ωo

s
------+ 

 →

ωo
2 ωc1ωc2=

B ωc2 ω– c1=

sn
1

s
1
s
---+

-----------→ s

s2 1+
-------------=

FIGURE 2.20
Lowpass-to-bandstop transformation.

sn
B

ωo
s

ωo

------
ωo

s
------+ 

 
-------------------------------→
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where ωo is the centre frequency in the stopband with

and B is the bandwidth of the stopband 

This is shown in Fig. 2.20(b).
In the case of the example considered above, we will obtain the normalized bandstop

function

This is zero at Ω = 1 and 1 at Ω = 0 and ∞, which shows the bandstop behavior of the function.

2.6.5 Delay Denormalization

As we have seen in Section 2.5, the functions that approximate the ideal delay are also
given in tables or in the form of recursion formulas. The denormalized function is obtained
from the normalized one by substituting sτ for sn, where τ is the required delay in seconds.

2.7 Design Tables for Passive LC Ladder Filters

All filter functions introduced in this chapter can be realized by passive networks. There is
an abundance of books and papers in the literature describing how this can be done. How-
ever, in this book, we are interested only in the realization using doubly terminated LC lad-
ders, since their simulation by active RC networks results in low sensitivity filters (see
Chapter 6).

The general structure of such a network is shown in Fig. 2.21. In the case of lowpass poly-
onimic filters (all zeros at infinity), all Zis are inductors, and all Yis are capacitors. In the case
of lowpass functions with finite transmission zeros (e.g., Cauer filters), the Zis will be par-
allel tuned LC subcircuits, or the Yis will be series tuned LC combinations.

ωo
2 ωc1ωc2=

B ωc2 ωc1–=

F s( ) s2 1+

s2 s 1+ +
----------------------=

FIGURE 2.21
The general form of a doubly terminated ladder.
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Design tables for realizing all the lowpass functions that we have introduced above for
various values of Amax (or ε), Amin, and orders, as well as for various values of the ratio R2/R1

are given in many books [4, 12, 13, 14]. Although, from the sensitivity point of view, as we
shall see later, the equally terminated ladder (R1 = R2) is most desirable, in some cases (e.g.,
even-order Chebyshev and Cauer filters), this is not exactly possible.

These tables are used by the passive filter designer and, of course, by the active RC filter
designer who will choose to design a filter by simulating the passive ladder by active ele-
ments. Therefore, once the designer has chosen the normalized lowpass filter function from
the specifications of his problem, he may use these tables to obtain the passive circuit,
which realizes this function. Then, he can obtain the required denormalized filter by apply-
ing suitable transformations to the element values as explained below.

As we shall see in later Chapters (e.g., Chapter 6), one powerful method for designing
RC active filters is to simulate passive LC ladder filters, either topologically or functionally,
using RC active circuits. Thus, the tables of LC passive filters greatly simplify this design
and are used accordingly. It is for this very reason that we have introduced these tables for
the design of LC ladder filters here.

However, for various reasons, there are no corresponding tables available for the design
of RC active filters in general use. For example, an RC active cannot be transformed to a
corresponding bandpass or bandstop circuit by the transformation of its elements as in the
case of the passive LC circuits, while available tables [15] do not cover all useful active RC
circuits and Cauer filter design.

One final point here: the lowpass filter function realized by the circuit in Fig. 2.21 as the
voltage ratio Vo/Vs is in fact realized within a constant multiplier that is lower than unity.
The reason for this is that at dc (ω = 0), the transfer voltage ratio Vo/Vs reduces to

which is always less than 1 except for R1 = 0, when it is equal to 1.

2.7.1 Transformation of Elements

In the case of passive filters, as stated above, one can obtain the denormalized highpass,
bandpass, or bandstop filters by applying the previously introduced frequency transfor-
mations to the impedances of the elements of the normalized lowpass filter.

This approach is not applicable in the case of active RC filters except for the case of
obtaining a highpass from the normalized lowpass filter. We examine the element transfor-
mation in more detail below:

2.7.1.1 LC Filters                   TABLE 2.4 

Lowpass-to-lowpass Transformation  with ωc the cutoff frequency

Element Impedance New element value

Ln L = Ln/ωc

Cn C = Cn/ωc

Vo

Vs

------
R2

R1 R2+
------------------=

sn
s

ωc
------→

snLn
s

ωc
------Ln=

1
snCn
-----------

ωc

sCn
---------=
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All these element transformations are summarized in Table 2.5.

As an example, consider the design of a bandpass filter having center frequency at
1 krad/s and 100 rad/s bandwidth. Assume that, from additional specifications, a sixth-
order Butterworth bandpass filter has been found suitable.

Lowpass-to-highpass Transformation  with ωc the cutoff frequency

Element Impedance New element value

Ln

Cn

Lowpass-to-bandpass Transformation 

Element Impedance New element values

Ln

L and C in series

Cn

L and C in parallel

Lowpass-to-bandstop
Transformation 

Element Impedance New element values

Ln

L and C in parallel

Cn

L and C in series

TABLE 2.5

Element Transformations

Elements of 
lowpass filter

Corresponding elements of the denormalized

Highpass Bandpass Bandstop

sn

ωc

s
------→

snLn

ωcLn

s
------------= C

1
ωcLn
------------=

1
snCn
----------- s

ωcCn
-------------= L

1
ωcCn
-------------=

sn

ωo

B
------ s

ωo
------

ωo

s
------+ 

 →

snLn

ωo

B
------ s

ωo
------

ωo

s
------+ 
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Clearly, the sixth-order bandpass will be obtained from the third-order lowpass Butter-
worth filter by applying the lowpass-to-bandpass transformation

where ωo = 1 krad/s and B = 100 rad/s.
From the tabulated Butterworth filters, Table A.1, we find

At this point, we may proceed in one of the following two alternative ways:

1. We may apply the lowpass-to-bandpass transformation to obtain either the nor-
malized or the denormalized bandpass function and proceed to realize it, i.e., to
determine the circuit.

2. Alternatively, we may realize the lowpass filter and apply the lowpass-to-denor-
malized bandpass transformation to the elements of the lowpass making use of
the Table 2.5.

The second method has the advantage that the realization of the lowpass filter reduces
to choosing the circuit from the available design tables. In cases, when there are no avail-
able design tables, the advantage still remains, since the realization of the lowpass filter is
simpler than that of the bandpass, because the order of the latter is double that of the low-
pass. On the other hand, the second method is not applicable to the synthesis of active RC
networks. So, the choice of the most suitable method will depend on the type of the circuit
(passive LC or active RC) we choose to design.

Suppose we choose to realize F(sn) by a passive LC equally terminated ladder. Using the
corresponding table, given for example in Reference 12, we find that the suitable circuit is
that appearing in Fig. 2.22.

Using Table 2.5, we can easily obtain the element denormalization for ωo = 1 krad/s and
B = 100 rad/s. The denormalized w.r.t. frequency bandpass circuit is as shown in Fig. 2.23.

This circuit is still normalized w.r.t. impedance level, since all component values are
referred to terminating resistances of 1 Ω. If we want to raise the impedance level to a prac-
tical value, e.g., 600 Ω, we should multiply the impedance of each component by 600, when
we obtain the component values in parentheses in Fig. 2.23. We treat impedance denormal-
ization in Section 2.7.

sn

ωo

B
------ s

ωo

------
ωo

s
------+ 

 →

F sn( ) 1

sn
3 2sn

2 2sn 1+ + +
------------------------------------------=

FIGURE 2.22
Butterworth normalized lowpass filter of third-order.
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2.7.1.2 Active RC Filters

The procedure described above can be applied to obtain the denormalized lowpass or
highpass RC active filter once the normalized lowpass function has been selected.

It is not possible to obtain the normalized or denormalized bandpass and bandstop cir-
cuits straight from the normalized lowpass, because there is no suitable transformation for
this purpose. Clearly with no inductances in these circuits, it is impossible to apply the ele-
ment transformations for bandpass and bandstop of Table 2.5. In this case, first the normal-
ized bandpass or bandstop function is obtained using the corresponding frequency
transformation. Next, the normalized filter is synthesized by a suitable method, as we shall
see in later chapters, and then the denormalized bandpass or bandstop filter is obtained by
properly scaling the filter time constants. 

It has to be emphasized here that frequency transformation must be applied only to time
constants, i.e., either to the capacitances or to those resistances that determine the time con-
stants and not to those that determine the gain of the active element.

The following two examples will clarify this, while for a more formal proof the interested
reader should refer to References 6 and 16.

Consider first the simple RC circuit in Fig. 2.24(a). The transfer voltage ratio V2/V1 is the
following:

(2.57)

If we interchange the position of the elements without changing its topology, as shown in
Fig. 2.24(b), the new transfer voltage ratio will be 

FIGURE 2.23
Frequency denormalized bandpass filter.

FIGURE 2.24
Simple (a) lowpass and (b) highpass RC circuits.
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-----------------------⋅= = =
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(2.58)

It can be seen that, with this interchange of elements, the lowpass circuit in Fig. 2.24(a) has
been transformed to the highpass of Fig. 2.24(b). The two filters will have the same cutoff
frequency if

(2.59)

As a second example, consider the two RC active circuits in Fig. 2.25(a) and (b), using an
operational amplifier as the active element (see Chapter 3). Circuit (b) is obtained from cir-
cuit (a) by changing all resistors to capacitors and vice versa.

The transfer function V2/V1 of circuit (a) is 

(2.60)

and that of circuit (b) is

(2.61)

Clearly, again the lowpass circuit has been transformed to a highpass simply by changing
resistors to capacitors and vice versa in the lowpass circuit. For the two circuits to have the
same cutoff frequency, the following relationship should hold:

(2.62)

In both these examples, if the required denormalized cutoff frequency is ωc, the time con-
stants in Eqs. (2.59) and (2.62) have to be divided by ωc. This means that either the capaci-
tance or the resistance which determine the time constant should be divided by ωc and not
both. Compare this case with LC filters where both L and C are divided by ωc.

The above is part of the so called RC:CR transformation, by means of which a lowpass
RC circuit, passive or active, is transformed to the corresponding highpass, under the con-

F ′ s( )
V′2

V′1

------- sC′R′
sC′R′ 1+
----------------------- s

s 1 C′R′⁄+
---------------------------= = =

RC C′R′=

FIGURE 2.25
(a) Lowpass and (b) highpass RC active filters.
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dition that the pertinent transfer function is dimensionless, i.e., ratio of voltages or cur-
rents. According to this transformation the element Ri is transformed to the element Ci with
nominal value 1/Ri and vice versa. Resistances, which determine the voltage gain, or the
current gain of the active element, do not change, which is not true if the active element is
a voltage controlled current source (VCCS) or a current controlled voltage source (CCVS).

As a further example, consider the RC active filter in Fig. 2.26(a), which realizes the sec-
ond-order Butterworth lowpass function.

(2.63)

Applying the RC:CR transformation, this circuit is changed to that of Fig. 2.26(b), which
is highpass with cutoff frequency Ωc = 1 equal to the cutoff frequency of the corresponding
lowpass in Fig. 2.26(a). If we divide both resistances or both capacitances by ωc (rad/s),
their cutoff frequency becomes ωc.

2.8 Impedance Scaling

If the desired cutoff frequency of the circuits in Fig. 2.24 is ωc = 1 rad/s, this can be achieved
for

However, the same result can be achieved if 

or

and so on.
When we select the second or third set of values of R and C instead of the first, in actual

fact, we have multiplied the impedances of these components by 103 or 106, respectively,

FIGURE 2.26
(a) Second-order RC active lowpass and (b) corresponding RC active highpass filter.
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obtaining thus more practical values for the elements R and C. We say that we have raised
the impedance level of the circuit by 103 and 106, respectively.

This denormalization of a circuit to the impedance level Ro requires multiplication by Ro

of the values of all resistances, and all inductances in the circuit and division by Ro of all
capacitances. In the case when the gain of the active element(s) is determined by the ratio
of two resistances, which do not affect the circuit time constants, the impedance level for
these resistances may be different from that for the rest of the circuit. Also, if a filter is real-
ized as the cascade connection of low-order functions (i.e., first and second order), which
are isolated from each other, again the impedance level in each section can be different from
that in the other.

As an example of impedance scaling, we will calculate the values of the components in
the circuit in Fig. 2.26(b) for an impedance level of 104 Ω and a cutoff frequency at 104 rad/s.
In accordance with the above discussion, we multiply all resistances by 104 and divide all
capacitances by 104 in order to perform impedance scaling.

Next we may choose to divide the values of the capacitors by another 104 or the values
of the resistors by this same scaling factor in order to achieve frequency denormalization.
Choosing to frequency scale the capacitances, the following set of component values is
obtained: 

These component values are more suitable for RC active filters (particularly if the active
element is an operational amplifier) than if we had chosen to frequency scale the resis-
tances. It should be pointed out, however, that frequency scale could have also been
obtained if all resistances had been divided by 10a and all capacitances by 104–a, since the
time constants that actually matter would have been scaled by 10a × 104–a = 104.

2.9 Predistortion

It is well understood that the components one uses in order to build up a circuit one has
designed are not ideal. Thus, the equivalent of a coil is not a pure inductance, but it has
some loss associated with it. This loss is modeled by a small resistance r connected in series
with its inductance L. Similarly, there is some loss associated with the capacitance of a
capacitor, usually negligible in today’s capacitors, which is modeled by connecting a con-
ductance g in parallel with the capacitance C.

For the sake of argument, let us suppose that the ratios r/L and g/C are both equal to d.
Thus the impedance of the coil and the admittance of the capacitor will be, respectively,

ZL = sL + r = L(s + d)

and

YC = sC + g = C(s + d)

The circuit transfer function, as derived by circuit analysis, is found to be a linear func-
tion of impedance or admittance ratios. This means that the poles and zeros of the transfer

R1 R2 10 kΩ, C1 2 10 8–×  F, C2
1

2
------- 10 8–  F×= = = =
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function will move to the left in the s-plane by the same amount, d. Thus, the frequency
response of the practical circuit will differ from the expected one, i.e., it will be distorted.
In some cases, this effect may not matter, but in cases of highly selective bandpass filters,
the distortion in the frequency response will be serious and thus unacceptable.

To counterbalance this type of distortion in the frequency response of the practical circuit
to be built out of coils, capacitors, and resistors, the designer can shift the poles and zeros
of the transfer function to the right on the s-plane by the same amount d and then proceed
to calculate the component values. With the application of this technique, known as predis-
tortion, the poles and zeros of the transfer function of the practical circuit will be placed
nearly at the initially wanted positions, moved there, because of the power dissipation of
the practical components, coils, and capacitors. Predistortion is in effect a frequency trans-
formation of the initial transfer function F(s) to F(p) where p = s – d. This transformation is
nonreactive in that it is not applied to the reactive elements of the circuit.

In practice, the losses in coils and capacitors will not be the same. Then, the designer can
add resistances in series with the coils and in parallel to the capacitors in order to obtain
the same factor d in all components. It should be noted, though, that because of the intro-
duction of dissipative components (the resistors) in the LC circuit, there will be an increase
in the flat loss of the circuit. Since this loss can, in some cases, be intolerable, and the num-
ber of the additional resistors excessive, the predistortion technique may not always pro-
duce an attractive solution to the unavoidable problem of dissipation introduced by the
practical reactive components.

2.10 Summary

The problem of determining a filter function satisfying the specifications of a filter has been
examined in this chapter to some detail.

Filter specifications may refer mainly either to amplitude (magnitude) requirements or
to phase (or delay) requirements. Determining first the order of the lowpass prototype filter
function, the designers can then choose the most suitable one among the available in tables
Butterworth, Chebyshev, Papoulis, or Cauer functions, if they are interested in the ampli-
tude response. Similarly, if they are interested in the phase response, they may choose a
lowpass or an allpass function among the available in tabulated form Bessel-Thomson,
Padè, or Chebyshev-type delay functions.

In the case of amplitude or phase equalization, the designers will basically have to work
heuristically using the computer as their main tool and a suitable optimization program.

Suitable frequency and element transformations were introduced in order to transform
the lowpass prototype filter to the required denormalized lowpass, highpass, bandpass, or
bandstop filter. These frequency transformations are also useful in the translation of the
denormalized filter specifications to the corresponding lowpass prototype requirements.

Once the most suitable circuit has been chosen (in a way we shall see in later chapters)
for the realization of the denormalized function, suitable impedance scaling should be
applied to the component values in order to make the circuit more practical within its envi-
ronment (signal level, source impedance, load impedance, and characteristics of the active
element). Impedance scaling was also introduced, while in the final section of this chapter
the concept of predistortion was introduced briefly.

Before we examine the selection of suitable circuits for the realization of filter functions
we introduce in the next chapter various active elements that will be used in subsequent
chapters.
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